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Asymptotic properties of one-step M-estimators 
based on nonidentically distributed observations. 

Yu. Yu. Linke * 


Abstract: We study asymptotic behavior of one-step M-estimators based on 
samples from arrays of not necessarily identically distributed random variables and 
representing explicit approximations to the corresponding consistent M-estimators. 
These estimators generalize Fisher’s one-step approximations to consistent maximum 
likelihood estimators. As a consequence, we consider some nonlinear regression 
problems where the procedure mentioned allow us to construct explicit asymptotically 
optimal estimators. We also consider the problem of constructing initial estimators 
which are needed for one-step estimation procedures. 
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1 BBe^GHHe 

1.1. nycTb Vi,... ,Xn — HeaaBHCHMbie ne oGnsaTejinno o^nnaKOBo pacnpe^e- 
jieHHBie Habjiro^enna nponsBOJiBHofl npnpo^^bi, pacnpeflejiennn Koxopnix saBHCHT ox 
nensBecxHoro napamexpa 0 6 0. Banana cocxonx b openKBannH oxoro napamexpa 
no HabjiroflennuM Vi,...,V„. B cjiynae paanopacnpeflejienHBix nabjiro^eHnn M- 
openKBanne npnnnxo cnnxaxB (cm., nanpnMep, [I]) opnnM h3 ochobhbix oGrpnx Me- 
xopoB nojiynennn openoK. B nacxnocxn, npHMennxejibHO k sapanaM perpeccnn oxox 
nopxop BKjnonaex b cebn Mexop HaHMenbmnx KBappaxoB n ero MopncJiHKapHH, mc- 
xop MaKCHMajiBHoro npaBponopobnn, Mexop KBaan-npaaponopobna (cm., nanpnMep, 
[28], do]) H pp. 

OnpepejiHM M-openun Kan cxaxncxHKn 6n, Koxopnie onpepejienni c Beponxno- 
cxbio, cxpeMnipencn k 1, n UBjinioxcn pemennuMH no t ypannennh Bnpa 

n 

^M,(t,Y) = 0 (1) 

i=l 

pjin neKoxoporo nabopa (JiynKpHH Mj(t, x), i = 1,... ,n, c ycjioBneM EMj(6', Vj) = 0 
npn Bcex i. Oxmoxhm, nxo pajieKO ne Bce Kopnn BbimenpnBepennoro M-ypaBnennn 
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MOJKHO onpe^ejiHTb na MHoacecTBe Bt,i6opoK acHMnxoTHHecKH nojinofi MepBi. Tax, 
HanpHMep, BOSMoacna CHTyapna, Kor^a KOJinnecTBO Kopneil npn jiioGom n (h ^ajxe 
B npe^ejie npn n — )■ oo, cm. |35]) Gy^ex neBBipojK^eHHOH cjiyHafinoH bcjikhkhoh, h 
jinniB o^HH KopcHB MOJKHO onpc^ejiHXB c BcpoaxHocxBio, cxpeMaipeflcH K 1. Bojiee 
xoro, B03M0JKHBI CHxyapHH, Kor^a HecKOJiBKO Kopnefl M-ypaBHenna Moryx 6bixb 
onpe^ejicHBi c BepoaxHocxBio, cxpeMHipeflcH k 1 (cm. npHMepd]), hjih xbrobbix Kop- 
HCH Hex, HO c HeHyjieBOH BepoHXHocxBK) ;];pyrHe KopHH Moryx cymecxBOBaxB. 

Hccjie^oBaHHK) ycjioBHH cymecxBOBaHHH h cbohcxb opeHOK xaKoro xnna b paa- 
jiHHHBix aapanax (b hbcxhocxh, openoK MaxcHMajiBHoro npaBponopoGHH h ero paa- 
jiHHHBix MopHcJiHKapHH, HocxpoeHHBix HO BBi6opKe HeaaBHCHMBix He o6HaaxejiBHo 
opHHaKOBo pacnpepejieHHBix HaGjHopeHHii) nocBHn];eHo Gojinme KOJiHHecxBo nyGjiH- 
Kapnii (cm., nanpHMep, [u, I2Z1, m . EH, Ei, m . EH, m )- 

C OPHOH CXOpOHBI, XOpOHIO HaBCCXHO, HXO HpH HCKOXOpBIX yCJIOBHHX pexyjIHpHO- 
cxH (cm., HanpHMep, [T]) 


Jrt. 




{e^-e) ^aA(o,i), 


( 2 ) 


rpe In = > 0, Jn '■= Xi) ^ 0, nepea oGoaHanenBi 

i=l i=\ 

npoHaBopHBie oxhx (|)yHKpHH HO nepBOMy apryMenxy, a aanncB BHpa rjn ^/'(0,1) 
oananaex cjiaGyio cxophmocxb pacnpepejieHHii rjn k cxanpapxHOMy HopMajiBHOMy 
aaKOHy (aciopy npepejiBi, ecjiH ne oroBopeno npoxHBHoe, 6epyxcH npn n —>■ oo). 

C ppyrofl cxopoHBi, hohck cocxoHxejiBHoro pemeHHH On ypaBHenna ([T]) hjih ho- 
HCK ero npHGjiHJKeHHH 6BiBaex pocxaxoHHo cjiojKen, oco6eHHo b cjiynae cyipecxBo- 
BaHHH 6ojiBmoro HHCJia Kopnefl ypaBHenna (JT]) (nanpHMep, hohck opeHKH Mexopa 
HaHMeHBiHHx KBappaxoB pjiH aapan HejiHHeHHOH perpeccHH, cBnaannwH c oxBicKa- 
HHCM rjio6ajiBHoro OKCxpeMyMa cJiyHKpHH, cm. 0 . 0 , |l9]; HOHCK opeHKH KBaaH- 
npaBponopo6HH, cm. EH])- Onxyapna cyipecxBeHHo ynpoipaexcn, ecjiH nanecxHa hcko- 
xopan npepBapHxejiBHaH (cocxoaxejiBHaH c xpe6yeMOH cKopocxBio cxophmocxh) open- 
Ka On napaMexpa 0. B oxom cjiynae aanacxyio pocxaxonno jihihb opnoro mara Mexopa 
HnioxoHa, hxo6bi b hbhom BHpe nocxpoHXB openny, oGjiapaioipyio xoh nee bchmhxo- 
xHHecKOH xoHHocxBK), KBK H M-opeHKa On, ypoBjiexBopHioipaH ([2]). 

OcHOBHOH o6x.eKx HccjiepoBaHHH B nepBOH naexH paHHofl paGoxBi — oxo exaxH- 
exHKH 0n*j^^, HMeioipHe cjiepyioipyio cxpyxxypy: 

n n 

Km =»; - E ^‘(k. x,)/Y1 (3) 

^=1 i=l 

a xaKHce neKoxopwe anaiiorH oxhx openox; apecB h pajiee 0* — HexoxopaH npep- 
BapHxejiBHan cocxoHxejiBHan openxa napaMexpa. OpeHKa npepcxaBjiaex co6oh 
opHomaroBoe npnGjiHJKeHHe Kopna ypaBHeHHH ([T]) MexopoM HnioxoHa c nanajiBHOH 
xoHKoii t = 0*. B paGoxe 6ypex ycxaHOBjieno, nxo npn nexoxopBix npepnojiojKeHHHx 
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3Ta on,eHKa y^oBjieTBopHex cooTHomenHio 




e) ^AA( 0 , 1 ), 


( 4 ) 


T.e. HBjiaeTCH acHMnxoTHHecKH nopMajiBHOH c xoH JKe acHMnxoxHHecKoii ^ncnepcn- 
eii, Hxo H M-opeHKa On- IIoflHepKHeM, hxo o6bihho (JiyHKpHH a:)} b xoh hjih 

HHOH cxaxHcxHHecKOH HocxaHOBKe BBiGnparoxcH xaKHM oGpaaoM, hxo6bi oGecneHHXB 
jKejiaeMBie cBoiicxBa (b xom hjih hhom cmbicjib onxHMajiBHocxB) cooxBexcxByroipeH 
M-opeHKH (cm., HanpHMep, [2H1, a xaKHce npHMepBi b §3). 

CxOHX OXMCXHXB, HXO B JIHXepaxypC flJIH o6o3HaHeHHH XaKHX HO CyXH flByX- 
maroBBix openoK HcnojiBsyexcH xepMHH odnoiuasoeue opeHKH b xom cmbicjic, hxo 
npH HajiHHHH HCKoxopoH npedeapumeAhHou ov^emu (cyipecxBOBaHHe KoxopoH aa- 
Hacxyio jiHHiB nocxyjiHpyexcn) hmchho 3a oduH maa Mcxopa HBioxona npoHcxopnx 
KanecxBeHHoe yjiynmeHHe sxoh nanajiBHOH cxaxHcxHKH. CjiepyH oGipenpHHHxoH b 
H ocjiepHHe pecHXHjiexHH xepMHHOJioxHH (HaHHHaH c pa6ox n. XBioGepa, 11 . Bhkc- 
jia, P. CepcJiJiHHra, H. BepaBep6eKe, n.-K. Cena, K. Miojijiep, X. lOpcHKOBOH, ,1],. 
Pynnepxa, P. Ksppojijia, Oana h pp.) opchkh xaKoro xnna 6ypeM nasBiBaxB 
oduomaaoeuMu M-opcHKaMH. 

1.2. B 3XOM paapejie npHBepcM KpaxKHH oGaop hsbccxhbix aBxopy pesyjiBxaxoB 
o6 opHomaroBBix M-opcHKax. 

BnepBBie npeH opHomaroBoro opeHHBaHHH Gnijia npepjiojKena, no-BHpHMOMy, 
P. OnmepoM m B KanecxBc npHGjiHxceHHH pjia cocxonxejiBHOH opchkh MaxcH- 
MajIBHOrO npaBpOHOpoGHH On, nOCXpOCHHOH HO BBiGopKe C HJIOXHOCXBIO f{0, x) OXHO- 
CHXejIBHO HCKOXOpOH CT-KOHCHHOH MCpBI, P. OnHiep HpcpjIOHCHJI HCHOJIBSOBaXB OpHy 
H3 cjiepyioipHX pByx cxaxHCXHx: 


/I** _ n* 


L'niK) . a., a. , 

Tim ™ = 


( 5 ) 


rpe I{t) — HHcjiopMapHH Onmepa, cooxBexcxByioipaH hjioxhocxh Ln{t) — 

jiorapH(|)MHHecKaH cJiyHKpHH npaaponopoGHH, nocxpocHHaH no nepBBiM n ojicmch- 

n 

xaM BBi6opKH, x.e. Ln{t) = la /(t, Xi), a On — HepepKo opeHxa Mcxopa momchxob. 

CxaxHcxHKH ([5]) pjiH KpaxKocxH B pajiBHeHHieM 6ypeM naaBiBaxB ov^emaMU 0uiuepa. 

BbipejiHM npejKpe Bcero HccjiepoBaHHH, xacaioipHecH opnomaroBBix openoK b 
cjiynae opHnaxoBo pacnpepejieHHOH BBi6opxH. Pap MOHorpacJiHH h cxaxen (cm., na- 

npHMcp, H, El, EH, EH, 0, [IS, EH, EH, EH, EH, El , [12] H CCBIJIXH XaM >xe) 

copepjxax HccjiepoBaHHH openox Onmepa, jih6o hx o6o6ipeHHH na cjiynan hphGjih- 
jxeHHoro HOHcxa M-openox b cjiynae opnnaxoBo pacnpepejicHHon BBiGopxH (b 3xom 
cjiynae (JaynxpHH Mj(-, •) b (E]) ne aaBHCHx ox i). ,II,ocxaxoHHBie ycjioBHH acHMnxo- 
XHHCCXOH HOpMajIBHOCXH OpHOHiaXOBBIX OpCHOX B 3XOM HaCXHOM CJiyHaC HafipCHBI B 

H, i, i, PI, H, HZ]. Oco6o BBipejiHM pa6oxy Jl. Jle KaMa EH, a xoxopoii, 
Ho-BHpHMOMy, BHepBBie oxMeHCHo, HXO nojiyHCHHBie B yxaaaHHOH paGoxe ycjioBHH 
aCHMHXOXHHCCXOH HOpMajIBHOCXH OpHOH H3 OpCHOX OHHiepa HC XOJIBXO HC BJICXyX 
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cocTOHTejibHocTb on,eHKH MaKCHMajibHoro npaBflonoflo6H5i, ho ^ance ne rapaHxnpy- 
lOT cymecTBOBaHHe otoh opeHKH (cm. xaKJKc [S], |14| . |12| h npHMcp m - KpoMC xoro, 
noMHMo opeHHBaHHH cxaxHcxHKaMH BH^a 6^**^ napaMcxpa 6, aanaoxyio HaynaexcH 

6 jih 30 cxb 9XHX JKC opcHOK c cocxoHxejiBHOH M-opcHKOH 6n- TaK, B [T] poKasaHo (cm. 
XaKJKC CCBIJIKH B |3T]), HXO 

V^Km - ^n) a 0 (6) 

B cjiynae, Korpa 6n — opcHKa MaKCHMajiBHoro npaaponopoGHH. B [3T] h [53] ycxa- 

HOBJICHO, HXO CKOpOCXB CXOpHMOCXH B ([6|) HpH HCKOXOpBIX pOHOJIHHXejIBHBIX HpcpHO- 
jiojKCHHHx MOJKCx Gbixb yjiyHHieHa H, KpoMc xoro, xaM poKaaaHo, hxo — = 

Op{l). B [33] HanpcHo npepejiBHoe pacnpepejicHHc pjia n(^9^*j^—9n) (ne HBjiHionieecH 

HOpMajIBHBIM). 

IIopHepKHeM, HXO npaKXHHccKH BO Bcex HSBccxHBix aBxopy pa6oxax b KanecxBe 
npepBapHxejiBHOH opchkh 6** paccMaxpHBaioxcH y/n-ospanuHenHue opchkh 0*, x.e. 
opcHKH, ypoBjiexBopjHoniHe cooxhohichhio y/n{9^ — 9) = Op{l). HcKjiioHeHHe co- 
cxaBjiHiox MOHorpacJiHH [6] h pa6oxBi [H] h [12]. B [6] (xeopcMa 5.5.4) npn po- 
KasaxejiBcxBc acHMnxoxHHecKofi HopMajiBHocxH opchkh Onmepa 0**^ npepnojia- 
raexcH bbihojihchhbim ycjiOBHC n^/'^-cocxoHxcjiBHOcxH opchkh 0*, x.c. cxophmocxb 
— 0) A 0. B [13] H [12] aCHMHXOXHHCCKan HOpMajIBHOCXB OpCHOK ®Hmcpa 
H opHomaroBBix M-opcHOK poKaaana npn 6ojicc ninpoKOM cncKxpc orpaHHHCHHii 
Ha XOHHOCXB npcpBapHXCJIBHOH OpCHKH - HaHHHaH OX y^-OrpaHHHCHHBIX OpCHOK 
0* H saKaHHHBan ti^/^-cocxohxcjibhbimh opcHKaMH. TaM >kc ycxanoBjicHo, hxo ycjio- 
BHC n^'^'^-COCXOHXCJIBHOCXH HpcpBapHXCJIBHOH OpCHKH HO CyXH HCo6xopHMO pjIH pO- 
KasaxcjiBcxBa acHMnxoxHHccKoii HopMajiBHocxH opcHOK Onmcpa h opnomaroBBix 
M-OpCHOK. 

Sapana npHGjiHJKCHHoro noHCKa cocxohxcjibhbix M-opchok BosHHKacx h b cjiy- 
Hac, Korpa cKopocxB c6jih>kchhh npcpBapnxcjiBHOH opchkh h napaMcxpa oKasBiBa- 
cxcH McpjicHHcc, HCM (nanpHMcp, B sapaHc opcHHBaHHH napaMcxpa opnonapa- 

MCXpHHCCKHX CCMCHCXB paCHpcpCJICHHH C XaK HaSBIBaCMBIMH XHJKCJIBIMH XBOCXaMH; 
CM. [9]). Ecjih npcpBapHxcjiBHaH opcHKa hc pocxaxoHHo xonna pjiH HcnocpcpcxBCH- 
Horo HcnojiB30BaHHH opHomaroBOH npopcpypBi yjiyHmcHHH, xo xohhocxb npcpBa- 
pHXCJIBHOH OpCHKH MOJKCX GbIXB yjiyHHICHa MHOFOKpaXHBIM HpHMCHCHHCM MCXOpa 
HBioxoHa-OHmcpa. nopoGnaH npopcpypa xopomo H3BccxHa (cm., nanpHMcp, [22], 
|48|B AjiBxcpnaxHBHBiH nopxop pjiH opnonapaMcxpHHccKHx ccmchcxb pacnpcpcjic- 
HHH npcpjIOJKCH aBXOpOM B [9], rpC npHBCpCH ajiropHXM HOCXpOCHHH HOBBIX OpHO- 
maroBBix opcHOK, cncpnajiBHo opHCHxnpoBaHHBix na McpjicHHo cGjiHJKaiomHccH c 
napaMcxpoM npcpBapnxcjiBHBic opchkh. 3xh hobbic opnomaroBBic opchkh oxjiHHa- 
lOXCH ox OpCHOK OHHICpa ([5]) HajIHHHCM HCKOXOpBIX pOHOJIHHXCJIBHBIX HOHpaBOHHBIX 
cjiaracMBix (3aBHCHHi;Hx ox cKopocxH c6jih>kchhh npcpBapHXCJIBHOH opcHKH H napa¬ 
Mcxpa) H no3BOJiHiox 3a opny Hxcpapnio n^-cocxoHxcjiBHyio opcHKy npn /3 < 1/4 
yjiyHinaxB po acHMHXoxHHCCKH scJkJickxhbhoh. 

Bcc, cKa3aHHoc bbihic, oxhochjiocb k cjiynaio opnopopnoH bbiGopkh. Bo3mo>k- 
HOCXB HCn0JIB30BaHHH MCXOpOJIOrHH OpHOHiarOBOrO OpCHHBaHHH B CXaXHCXHHCCKHX 
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aa^anax c pasHopacnpeflejieHHbiMH Bt,i6opoHHt,iMH HaGjiro^eHHHMH xopomo nsBecT- 
Ha (cm., HanpHMep, MonorpacJ^HH DO, m, m, Ea, m, m)- rio-BH^HMOMy, Bnep- 
BBie oflHomaroBBie openKH b cjiynae paaHopacnpe^ejieHHBix HaGjno^eHHfl Gbijih npe^- 
jiojKeHBi B |20] fljiH cnepnajiBHBix openoK b jiHneflHBix Mopejiax. 3th opHomaroBBie 
OPCHKH HBJIHIOTCH HpHGjIHJKeHHHMH pjIH OpCHOK poGaCTHOTO BapHaHTa MCTOpa HaH- 
MeHBiHHx KBappaxoB B aapanax jikhchhoh perpeccHH, npepjiojKeHHBix b [20] • B [20] 
poKaaana acHMnxoTHHecKaH HopMajiBHocxB opnomaroBBix openoK b sxoh cnepnajiB- 
Hoil aapane. B [32], [5l] HaynaioxcH ppyrne acneKXBi opHomaroBBix openoK pjia 
aapan poGacxHoro opcHHBaHHH b jihhchhbix MopejiHx. B hbcxhocxh, b [32] poKaaa- 
HO, HXO ecjiH n'^\9^ - 9\ = Op{l) npn r e (1/4,1/2], to 6*” - On = rpe 6^* 

— opHomaroBaH cxaTHcxHKa h3 [20], sl On — M-opcHKa h3 |30| . 

B cjiynae paanopacnpepejicHHofl (h paxce ne oGHaaxejiBHo cocTOHipefl h3 neaa- 
BHCHMBix KOMHOHeHx) BBiGopKH MexopojioxHH opHomaxoBoro OpeHHBaHHH ycHeniHo 
HcnojiBayexcH b paajiHHHBix cnepnajiBHBix cxaxHcxHHecKHx aapanax (cm., HanpH¬ 
Mep, [20], EH], [i] EZ], El], E2], [20], [HI], [SO], [SOI, @2], [12], EH], EU h ccbui- 

KH xaM Hce). CxoHx oTMexHTB, HTo H B cjiyHae paaHopacnpepejieHHOH bbiGopkh b 
KanecxBe npepBapHxejiBHBix openoK napaMexpa HcnojiBayroxcn, KaK npaBHjio, y/n- 
orpaHHHeHHBie opeHKH (xonnee, npn HccjiepoBaHHH opnomaroBBix openoK cymecxBo- 
BaHHe y^-orpaHHHeHHOH npepBapHxejiBHOH opeHKH name Bcero npocxo nocxyjinpy- 
exca). 

MccjiepoBaHHH acHMHxoxHHecKoro noBepeHHH opnomaroBBix M-openoK BHpa ([2]) 
6e3 xoH HjiH HHOH cHepHcJiHKapHH (JiyHKpHH {Mj(-,Xj)} B cjiyHae paaHopacnpepe- 
JieHHOH BBiGopKH aBTOpy He H3BeCXHBI. 

1.3. O cxpyKxype paGoxBi. B §2 b mnpoKOM cneKxpe orpaHnneHHH na tohhocxb 
npepBapHxejiBHOH opeHKH 0* nanpenBi (xeopeMa [T]) pocxaxoHHo oGipne ycjioBHH 
acHMHxoxHHecKOH HopMajiBHocxH (0]) opHomaroBBix M-opeHOK, onpepejiHeMBix co- 
oxHomenneM ((2]). IIpH sxom nojiyneno yHHBepcajiBHoe ycjioBHe, cBHSBiBaioipee rjiap- 
KocxB (JiyHKpHH {Mi{t,x)}, oHpepejiHioipHx opHomaroBBie M-opeHKH, h tohhocxb 
npepBapHxejiBHOH opeHKH 0*, KoxopBie nyjKHBi pjiH acHMnxoxHHecKOH HopMajiBHo- 
cxH 3XHX opeHOK. KpoMe Toro, oGcyncpaexcH Bonpoc o MHHHMajiBHOM pocxaxoHHOM 
orpaHHHeHHH na tohhocxb npepBapHxejiBHofl opeHKH 0*, BoaHHKaioipeM npn poKa- 
aaxejiBcxBe acHMHxoxHHecKOH HopMajiBHocxH opnomaroBBix M-openoK (xeopeMa |2]) • 
riocxpoeHBi opeHKH pjiH acHMHxoxHHecKOH pHcnepcHH opnomaroBBix M-openoK h 
poKa3aHa cxophmocxb k cxaHpapxHOMy HopMajiBHOMy 3aKOHy norpemHocxen openn- 
BaHHH npn BaMene acHMHxoxHHecKHx pncnepcHH hx opeHKaMH (xeopeMa [2]) , hxo mo- 
Hcex Gbixb nojie3HBiM npn nocxpoeHHH poBepnxejiBHBix HHxepBajioB h pjiH npoBepKH 
cxaxHCTHHecKHx THHoxeB. B pa3pejie 2.2 HccjiepoBan neKoxopBiH anajior cxaxHcxHKH 
0n*My oGoGipaioipHH opeHKy Onmepa h3 ([5]) na cjiynan paBHopacnpepejieHHoil 
BBiGopKH (xeopeMa II]) . B pa3pejie 3.3 noKa3aHo KaK mojkho ocjiaGHXB ycjioBHH na 
rjiapKocxB (JiyHKpHH Xi)}, onpepejimoipHx opnomaroBBie M-opeHKH, b cjiy- 

Hae cnepnajiBHoro BHpa oxhx cJiyHKpHH. 

llopHepKHeM, HXO HOJiyneHHBie b paGoxe oGipne ycjioBHH acHMnxoxHHecKofl Hop- 
MajiBHocTH opnomaroBBix M-openoK ne rapanxHpyiox cyipecxBOBaHHe cocxoHxejiB- 
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Hoii M-on,eHKH. TaKHM o6pa30M, o^HomaroBt-ie M-on,eHKH Moryx oGjia^axt neKoxo- 
ptiMH HyjKHBiMH cBOHcxBaMH 6He sueucuMocmu om noeedenuH M-ov^eHOKl T.e. h b 
cjiynae pasHopacnpe^ejieHHOH bbiGopkh HMeex Mecxo 94)4)eKx, oxMeneHHBiH panee 
Jl.JIe KaMOM [39] b hbcxhom cjiynae openoK MaKCHMajiBHoro npaaponopoGna pjia 
OpHOpOpHBIX BBiGopOK. Ho HBM oGyCJIOBJieH XaKOH HeOJKHpaHHBIH 34)(|)eKX? H HXO 
ace Bce-xaKH b 3xom cjiynae npnGjiHJKaiox opnomaroBBie M-openKH, 3bjihhcb (no 
nocxpoennio) opnGjinncenneM pjin pemenna ypaBnenna ([I])? B paapejie 2.3 (xeo- 
peMa [5|) npHBepeno noncnnion^ee yKasannyio CHxyapnio yxBepjKpenne (cm. xannce 
npHMep [1]). ^ejio b xom, nxo npn neKoxopnix BCCBMa cjiaGnix orpaHnnennnx (ne 
rapanxnpyion^Hx cymecxBOBanne cocxonxejiBHoii M-openKn) b oKpecxnocxn 9 c bc- 
ponxHocxBio, cxpeMnmeilcn k 1, cymecxByex epnncxBeHHBm Kopenn 9n{d) ypaBne- 
HHH ([1]) (Gjinncanmnn k 9 Kopenn 3xoro ypaBnenna), oGjiapaiomnii xpeGycMon xonno- 
cxBio. yKasannyio cjiynannyio Bejinnnny 9n{9), saBHcnmyio ox 0 n ne nBjinion^yiocn 
cxaxHcxHKoii, n npnGjinjKaiox opnomaroBBie M-openKH. yKaaannBin (|)aKx Bjienex 
acHMnxoxnnecKyio nopMajiBHOcxB opnomaroBBix M-openoK bhc saBHCHMOcxn ox no- 
BepeHHH M-opcHKH: jinniB 6bi cymecxBOBaji Kopenn 9n{9), oGjiapaiomnn nyjKHBiMH 
CBOHCXBaMH. 

TaKHM o6pa30M, opnomaroBBie M-openKn b cjiynae paBHopacnpepejicnnon bbi- 
6opKH Moryx 6bixb acHMnxoxnnecKH nopMajiBHBiMH n 6e3 npepnojioJKennn o xom 
HjiH HHOM noBepeHHH coGcxbchho caMHx M-openoK. Ilpn sxom, ecjin cymecxByex 
cocxonxejiBHan M-openKa 9^ to c BeponxnocxBio, cxpeMsmencn k 1, openna 9n 
H BejiHHHHa 9n{9) coBHapaiox H opnomaroBBie openKH hbjihioxch npnGjiHJKeHHHMH 
pjiH cocxonxejiBHBix M-openoK. Oxmcxhm eni;e, nxo panee nonnxne Gjinncanmero 
K 9 Kopnn ypaBnenna npanponopoGna ynoMnnajiocB b [8] n |9] b cjiynae opnnaKOBO 
pacnpepenennoH bbiGopkh, a noBepenne Gjinncanmero k 9 Kopnn 9n{9) b cjiynae opn- 
naKOBo pacnpepenennoH bbi6opkh nccjiepoBajiocB b [12]. Tox cjDaKx, nxo n b cjiynae 
pa3HopacnpepejieHHBix naGniopennH opnomaroBBie M-openKn Moryx npnGjinjKaxB 
jioKajiBHBiH 3KcxpeMyM cooxBexcxByroipeii cJiynKpHn, a ne rjio6ajiBHBiH, oxMenaexcn, 
nanpHMep, [ 20 ], [ 21 ] (nMeioxca b Bnpy cnxyapnn, Korpa M-openKH noponcpaioxcn 
neKoxopoH OKCxpeMajiBnon Bapanen). 

Ham nnxepec k opnomaroBBiM M-openKaM b cjiynae paBnopacnpepejiennBix na- 
GjnopenHH b nepByio onepepB CBH3aH c bo3mo>khocxbio 9(j3(|)eKXHBHoro npHMenennn 
nopoGnBix openoK b paBJinnnBix perpeccnonnBix 3apanax (cm. xaKxce [10]). K Banc- 
noMy 6a30B0My npepnononcenmo Mexopojiornn opnomaroBoro opennaanna mojkho 
oxnecxH naimnne neKoxopon pocxaxonno xopomen npepBapnxejiBnon openKH. B 
pa3pejie 3.1 npepjiaraeMaa npopepypa opnomaroBoro yjiynmenna njunocxpnpyexca 
necKOJiBKHMH npHMepaMH Mopejien HejinnennoH perpeccnn, pjia Koxopnix H3BecxHBi 
HBHBie, no ne onxHMajiBHBie openKH. B pa3pejie 3.2 npepjiaraexca neKoxopnin cnoco6 
nocxpoenna npepBapnxejiBHBix openoK b 3apanax nejinnenHOH perpeccnn. 

06o6m;eHHa ochobhbix pe3yjiBxaxoB §2 na cjiynaii MnoroMepnoro ocnonnoro na- 
paMexpa copepncaxca b §4. ^0Ka3axejiBcxBa Bcex yxBepjKpennii oxnecenBi b §5. 
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2 AcHMnTOTHHecKHe CBoiicTBa o^HomaroBbix M-ou^enoK 


2.1. HaM noTpe6yioTC5i cjie^yiomHe ycjioBHH. 

(Ai). Ha6jiioflaeTC5i Bt,i6opKa oG'heua n, cocTOJupaji h 3 neaaBHCHMBix 3jieMeHTOB 
Xi, X 2 , . . . , Xn CO 3HaHeHHHMH B npOH3BOJIBHOM HBMCpHMOM npOCTpaHCTBC X H paC- 
npe^ejicHHiiMH £2,0 • • ■, £n,e, 3aBHCHiii;HMH OT HHxepecyiomero nac ochobhobo 
H eH3BecTHoro napaMexpa 0 G 0 C M, r^e 0 — oxKpBixoe mhojkccxbo. KpoMe xoro, 
3XH pacnpe^ejicHHa 3aBHC3x, Boo6iri;e roBopa, ox n, h, bo3mo>kho, 3aBHCHx xaKxce ox 
HCKoxopBix MemaiomHx napaMcxpoB npoH3BOJiBHOH npapo^Bi. 

(A2). Ha MHOJKecxBe 0 npn jiioGom i Ba^anBi 3aBHC5iiri;He, BooGipe roBopa, ox n 
4)yHKu,HH Mi{t, Xi) H M-{t, Xi) xaKHe, hxo Kaxc^oro HHxepBajia (ti, ^2), pcjihkom 
jiejKaipero b 0, c BepoaxHocxBio 1 hmccx mccxo paBCHcxBo 

t2 

M,{t2,X,)-M,{tuX,) = j M'{t,X,)dt V(H,t2) C 0 


R cnpaBe^jiHBbi cooTHomeHHH 

EM ,{ e , Xi ) = 0 , EMf { e , Xi ) < 00 , E \ M '{ e , Xi )\< oo . (7) 

S^ecB H Bcio^y b ^ajiBHeHineM chmboji 6 oGoBnanaex hcxhhhoc 3HaHeHHe ochobhobo 
napaMexpa pacnpeflejiennn n MaxeMaxnnecKoe oncH^aHne b (j7]) n ^ajiee Gepexcn no 
pacnpe^ejienHK) Ci ^. Oxmcxhm ecpe, nxo ^Jin nonxn Bcex t G 0 4)ynKn;HH Xi ) c 
BeponxnocxBio 1 coBna^aiox c nacxnon npoH3BOflnoH 4)ynKn;HH Mi { t , Xi ) no nepBOMy 
apxyMenxy. 

(A3). Hannnan c nenoxopoBO n, 

n n 

4 := J2EM^{e,X,) > 0, := 5^EM'(0,X,) ^ 0 

i=l i =\ 

H, KpOMe Toro, 

I'^nl /\/In ^ 00 ^ 

n n 

M '{ e , Xi)/Jn 4 1, Mi { 9 , Xi )/,/ l ^ A 7 ( 0 , 1). (8) 

i=l i=l 

n 

nOJIOJKHM Tn{d) = \Jn[ ^'^ETi{6,Xi), B^e 

i=l 

( sup Xi) — Ml{6, Xi)\, ecjiH [0 — 5,0 + 5 ] c 0 , 

r,(5,A,):= (9) 

I 00, nnane. 

(A4). HMeex Mecxo cooxnomenne limlimsupr„( 5 ) = 0 . 

<5^0 n—>-oo 
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(As). HMeexca oi];eHKa 6** = 6** (Xi,..., X„) xaKaa, hxo 



Fpynny ycjioBHH, cocxoHmyio h 3 npe^nojiojKeHHH (Ai),..., (A 5 ), 6 y^eM ^ajiee 
o 6 o 3 HaHaxB chmbojiom (A). 

IIpH BBinojiHeHHH ycjioBHH (A) B KaHBCxBe opeHKH napaMexpa 6 paccMoxpHM 
cxaxHcxHKy onpe^ejiHeMyio cooxHomeHneM ([ 3 ]), x.e. 


n 


n 



( 10 ) 


BO Bcex cjiynaHx, Kor^a onpe^ejienBi Bce BejiHHHHBi b npaBofl nacxH paBencxBa 
B fllOp . TeM caMBiM, ^onycKaexca, hxo BHaMenaxejiB oxHomeHHH b npaBon nacxH pa- 
BCHcxBa (fT0|) MOJKex o6pairi;axBC3 b hojib, hjih hxo cJiyHKpHH b npaBofi nacxH sxoro 
paBCHcxBa He onpe^ejieHBi. Ho, Kax 6yflex ycxaHOBjieno npn ^oKaBaxejiBcxBe xeope- 
MBI [H npH BBinOJIHeHHH yCJIOBHH (A) CnpaBe^JIHBBI COOXHOmeHHH P(6'* G 0) —?■ 1 

H P( ^ Ml(9^,Xi) 7 ^ 0 j —)■ 1, a noxoMy cxaxHcxHxa onpe 7 i,ejieHa c BepoaxHo- 


2=1 ' 
cxBio, cxpeMHni;eHCH k 1 . 

Hmoiox Mecxo cjie 7 i;yK)ni;He 7 i;Ba yxBepjK 7 i;eHHH. 

TeopeMa 1. IJycmh eunoAHenu ycAoeuA (A). Toeda oyenna onpedeAena c 
eepoAmHocmhU), cmpeMHvyeucA k 1 u 



( 11 ) 


B Hacmnocmu. 



( 12 ) 


TeopeMa 2. Ecau eunoAnenu ycAoeuA (A) u 


n 


n 




(13) 


mo 



npu 



( 14 ) 


u cmamucmuKa d*^ ^ onpedeAena c eepoAmnocrnhw, cmpeMMyeucn k 1 . 
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TeopeMa H] MOJKex 6 t.iTb nojiesHOH npn nocxpoeHHH flOBepHxejit.Ht.ix HHxepBajioB 
H npoBepKe rnnoxea, nocKojiBKy HopMHpyrotpHH MHoxcHxejiB d*^j^y pasHocxH — 
9 HBJIHeXCH CXaXHCXHKOH. 

SaMeuanue 1. CooxHomeHHH ([ 8 ]) b ycjioBHH (As) — oxo cooxBexcxBeHHo 
BapnaHXBi saKona Gojibhihx hhcbji h fleHxpajiBHOH npeflejiBHofl xeopeMBi b cxeMe 
CepHH. SfleCB flJIH HX BBIHOJIHeHHH flOCXaXOHHO HOXpeGoBaXB CJieflyiOtpHe yCJIOBHH 
(cm., HanpHMep, [T]); 

n 

5^Emin||M'(0,X,)-EM'(0,X,)l/|J„|, |M'(0,X,) - EM'(0,X,)|VJ^} ^ 0, 

i=l 

n 

5^Emin{|M2(0,X,)!//„, 

i=\ 

npH HeKoxopoM s > 2. AnajiorHHHo mohcho BBinncaxB flocxaxoHHoe ycjioBHe h ajih 
BB iHOJiHeHHH saKOHa Gojibhihx HHceji, BosHHKaiotpero B xeopeMe|2] (cm. Bxopoe ycjio- 
BHe B ([l3])). OxMexHM etpe, hxo b cjiynae pasHopacnpeflejieHHBix HaGjiiofleHHH nep- 
Boro cooxHomeHHH b ([ 8 ]) He flocxaxoHHo, hxoGbi Gbijio BBinojiHeno nepBoe ycjioBHe b 
(B. CooxBexcxByiotpHH npHMep nexpyflHO nocxpoHXB. 

OxMexHM etpe, hxo ycjioBHe nesaBHCHMocxH hs (Ai) b xeopeMe [T] Moxcex 6 bixb 
ocjiaGjieHo. IIpH oxKaae ox ycjioBHH neaaBHCHMocxH HHCJioByio xapaKxepncxHKy 

HyjKHo onpeflejiHXB paBencxBOM /„ = D ^ ^ Mi{9, Xj)^. /I,ocxaxoHHBie ycjioBHH fljiH 

BBIHOJIHeHHH COOXHOHieHHH (|8]) flJIH XeX HJIH HHBIX BHflOB SaBHCHMOCXeH XaKHCe XO- 
pomo H3BeCXHBI. □ 

SaMenanue 2. 06bihho npeflnojiaraexcH, hxo 0 - oxxpBixoe mhojkocxbo, 
HO xaKoro orpaHHneHHH Hex b paGoxe Jl. Jle KaMa [39], rfle flOKaaano yxBepjKfleHHe 

o 6 aCHMHXOXHHeCKOH HOpMajIBHOCXH OfleHOK Onmepa flJIH OflHOpOflHOH BBl 6 opKH. 
Hxo 6 bi xeopeMa [1] o 6 acHMnxoxHHecKoil HopMajiBHocxH oflHomaroBBix M-openoK 
o 6 o 6 tu;ajia cooxBexcxByrotpHii peayjiBxax h3 [21] b cjiynae oflHOMepnoro napaMexpa, 
fl;OCXaXOHHO B (Ai) CHHXaXB, HXO 0 — npOH3BOJIBHOe MHOHCeCXBO, a B yCJIOBHHX 
(A 2 ) — (A 5 ) MHOHCeCXBO 0 3aMeHHXB Ha HeKOXOpOe OXKpBIXOe MHOJKeCXBO 0O D 0. 
B 3XOM cjiynae Bce npHBefleHHBie BBime yxBepjKfleHHH coxpaHHxcH. 

CjieflcxBHH H3 xeopeMBi [1] H npHBOflHMOH flajiee xeopeMBi 0] na cjiynafi oflHopofl- 
HOH BBiGopKH o 6 o 6 tu;aiox xaxHce cooxBexcxByrotpne pe3yjiBxaxBi h3 pa 6 ox [SO], E], 
m, m 06 aCHMHXOXHHeCKOH HOpMajIBHOCXH OfleHOK OHHiepa HJIH OflHOHiarOBBIX 
M-ofleHOK B cjiynae oflHHaKOBo pacnpeflejieHHOH bbiGopkh. □ 

SaMenanue 3. IJ,eHxpajiBHoe ycjioBHe rpynnBi npeflnojioHceHHH (A) — sxo 
ycjioBHe (A 5 ). 0X0 ycjioBHe HBjiHexcH neKoxopBiM yHHBepcajiBHBiM orpaHnnenneM, 
CBHBBiBaiotfleM xjiaflKocxB (JiyHKflHH {Mj(-,Xj)}, onpeflejiHiotflHx oflHomaroByio M- 
ofleHKy 9'^j^, CO cKopocxBio c6jiH>KeHH5i npeflBapHxejiBHOH opeHKH 6 ** h napaMexpa 6 *, 
KOXOpBie HyjKHBI flJIH aCHMHXOXHHeCKOH HOpMajIBHOCXH OflHOHiarOBBIX M-OflOHOK. 
IlpH 9XOM XOHHOCXB HpeflBapHXejIBHOH OfleHKH H TJiaflKOCXB (JiyHKflHH {Mj(-, Xj)} 
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o6paTHO nponoppHOHajitHM ^pyr ^pyry: hcm Mentme TOHHOcxt., xeM 6ojit.me ^ojijk- 
Ha 6t.ixb rjia^Kocxb. /I,eHcxBHxejibHo, ^jia BtinojiHeHHH yKasanHoro orpaHHHenHH 
flocxaxoHHo, hxoGbi BejiHHHHa r„(5) h openKa 0* opHOBpeMenHo (pjiH neKoxoporo 
a H3 yKaaaHHOH oGjiaoxn) ypoBjiexBopajin ycjioBH3M opnofl h 3 cjiepyroipHx pByx 
rpynn: 


limsup rn((5) = o(^“) npn 5 —)■ 0 h 

n—^oo 

limsupr„(5) = 0{S°‘) npn <5 —)■ 0 h 

n—>oo 



Op(l), 0 < a < 1; 

(15) 

4 0, 0 < a < 1. 

(16) 


B HacxHocxH, B pByx KpaiiHHx cjiynaax a 
BepjiHBocxH (As) pocxaxoHHo, hxo6bi 

limsupr„(5) = o(l) npn 5 —)■ 0 

n^oo 


0 H a = 1 nojiynaeM, hxo pjia cnpa- 

H = 0,(1), 

V -^n 


jiiiGo 


limsuprn((5) = 0{6) npn 5 —)■ 0 h 

n—)-oo 


. 1/4 

J-n. 


K 


0 | 4o. 


Kax 6ypex ycxaHOBjieno pajiee (cm. xeopeMy[3]), npn ninpoKiix orpaHHHCHHHX ycjio- 
BHe 

17 11/2 

^|C-0|Ao (17) 

J-n 

no cyxH Heo6xopHMo pjin poKa3axejiBcxBa acHMnxoxnnecKon HopMajinnocxH opno- 
maroBBix M-openoK TaxHM o6pa30M, acHMnxoxnnecKan nopMajiBHocxB opno- 

maroBBix openoK ycxanoBjiena b pocxaxonno mnpoKOM cnexxpe orpaHnnennH na 
xonnocxB npepBapnxejiBHon openKH 0*. Oxmcxhm eipe, nxo ecjin \Jn\/\fln hmccx 
nopnpoK yTi, xo ycjiOBHH na xonnocxB openKH b yKaBannbix pByx Kpannnx cjiy- 
nanx — oxo, cooxBexcxBenno, jih6o npepnojioncenne o y^-orpaHnnennocxH, jih6o o 6 
ni/^-cocxonxejiBHOcxH sxon openKH. □ 

SaMenaHue 4. Homhmo paBJinnnBix “peryjinpnBix” BapnanxoB noBepe- 
nnn pByx paccMaxpnBaeMwx b 3aMenaHHH [3] xapaxxepncxHK, nejiBBn ncKjnonaxB 
H, B H3BecxHOH cxeneHH, BBipojKpeHHBiH cjiynaH, Korpa c BeponxnocxBio 1 cjiynx- 
pnn M[{t,Xi) nocxoHHHBi b neKoxopon OKpecxnocxn {7 : |7 — 6^1 < 5(6^)} xohkh 9, 
X. e. Ti{6,Xi) = Tn{S) = 0 npn 6 < S{9). B oxom cjiynae Bejinnnna 6** Moncex 
6 bixb npoH3BOJiBHOH H pajKe ne cxopnxBcn k 9, jinniB 6 bi nonapana b yKaBannyio 
OKpecxnocxB 9 c BeponxnocxBio, cxpeMnipencn k 1. Oxmbxhm, nxo nopoGnan cnxya- 
pnn peajiH3yexcH pjin openKH MaKCHMajinnoro npanponopoGna napanexpa cnoca 9 
pjiH opnopopnoH bbi6opkh h 3 HopMajinnoro pacnpepenenna. □ 
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06cy^zi;HM no^poGnee ycjioBHH na tohhoctb npe^BapHTejiBHofl openKH 0*, hchojib- 
syeMBie b xeopeMe [U OKaaBiBaexca, npn neKoxopBix ^ocxaxoHHo niHpoKHx orpann- 
Hennax cxo^hmocxb (fT7|) aBjiaexca Heo6xo;];HMBiM ycjioBHeM ^jih cnpaBe^jiHBocxH 
OB. TaKHM oGpaaoM, ycjioBHe (fT7|) mojkho cnnxaxB b neKoxopoM cmbicjib mhhh- 
MajiBHBiM oi,ocxaxoHHBiM oxpaHHHeHHeM 0^OKa3axeJIBcxBa ffl^ , nocKOJiBKy Mexo^i, 

flOKaaaxejiBcxBa, HcnojiBsyeMBin BBiBooi,a acHMnxoxHHecKofi nopMajiBHocxH o^i,- 
HomaroBBix openoK xax b paHHofl paGoxe, xax h ppyrnx HccjiepoBaHnax (cm. bcc 
yKaaaHHBie b n.1.2 ccbijikh) xpeGyex ox npepBapnxejiBHOH opchkh 0* cKopocxB cxo- 
pHMOCXH He XyjKe, HBM B yCJIOBHH 03. HxoGbi c(|)opMyjiHpoBaxB cooxBexcxByiomee 
yxBepxcpeHHe, nan noxpeGyexcH ponojiHHxejiBHoe npepnojiojKeHHe. 

(Ag) ripH Bcex i (JiyHKpHH Mi{t,Xi) c BepoHXHocxBio 1 pBajKpBi pH(|)4)epeHn;H- 
pyeMBi no t H pjiH jiioGoro o > 0 

n 

P{ 6 ) := limsupPf" sup \M" (t, Xi)—M" { 9 , Xi)\/\Jn\ > o') —?• 0 npn 5 —)■ 0 . 

n^oo t£&:\t-d\<5 ' 


_ n 

KpoMe xoro, M"( 0 ) := ^ - EM"( 0 , X,))/J„ 4 0 . 

i=\ 

CnpaBepjiHBa 

TeopeMa 3. nycmh eunoAuenu ycAoeuH {A), (Ag) u npedeapumeAhHan oyeuKa 
cocmosimeAhHa. Toeda cnpaeedAueo coomHoiuenue 


A 


n,M — 



«)^(5^EAf''(»,.Y.)/(2J„) + 0,(1)) + 0,(1). 

i=l 


(18) 


n 

Ecau donoAHumeA'bHo liminf ^ EiM"{9^Xi)\/\Jn\ > 5 npu neKomopoM 5 > 0, 

i=i 

mo ycAoeue 03 ABAAemcA Heo6xoduMUM u docmamoHHUM Bar moeo, Hmo6u cxo- 
duMocmh OB UMCAa Mecmo. 

2.2. PaccMoxpHM HOKoxopyio MopncJiHKapHio opeHKH 6^*]^, onpepejieHHOH b oa. 

n 

IloCKOJIBKy npH niHpOKHX OrpaHHUeHHHX Jn='Yli EM'(6',Xj) B HeKOXOpOM CMBICJie 

i=l 

n 

npnGjiHJKaex BejiHunny xo b KanecxBe opnomaroBOH opeHKH napa- 

i=l 

Mexpa 9 MOJKHO paccMaxpHBaxn openny 9^j, onpepejineMyio cooxHomenneM 

n 

i=l 

rpe J* — HeKoxopan cxaxHcxHKa, npnGjiHJKaiouoaH J„. B nacxHOM cjiynae opno- 
popHOH BBiGopKH HopoGnaH MopHcJiHKapHH opHoxo Hiaxa Mexopa HnioxoHa Gnuia 
npepjiojKeHa P-OnmepoM b aapane nocxpoeHHu opnomaroBBix npnGjiHJKeHHH pjiH 
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cocTOHTejibHMx oi],eHOK MaKCHMajibHoro npaBflonofloGHH (cm. (|5])). B flajiBHefimeM 
noflo6Ht,m npneM nojiy^Hji nasBaHHe “method of scoring” (cm., nanpHMep, |44| ) . 

B cjiynae pasHopacnpe^ejieHHBix Hadjiio^eHnn o^HomaroBan openKa Bnpa flT^ 
BnepBBie Gnijia npepjioJKena, no-BnpnMOMy, b |20] pjin opnon cnepnajiBHon CTaxH- 
CTHnecKOH aapann. B neKoxopBix aapanax BBiGop cxaxncxHKH J* Moxcex Gbixb po- 
cxaxonno npocx. HanpnMep, b cjiynae nocxpoennH opnomaroBBix npnGjinjKeHHH pjiH 
opeHKH MaKCHMajiBHoro npaaponopoGna BejinnnHa —Jn = —Jn{(^) ecxB cyMMapnan 
HHcjDopMapHa Onmepa, nocxpoennaa no ojieMenxaM paanopacnpepenenHon Bwdop- 
KH. TaKHM odpaaoM, mojkho hojiojkhxb J* = J„(0*). 

B odmeM cjiynae pacnpepejiennn nadjiropennh Moryx saancexB ox neKoxopwx 
Memaiomnx napaMexpoB n Bwdop xon hjih hhoh openKH J* mojkcx 6bixb ocymecxB- 
jien xojiBKO B paMKax KOHKpexHon cxaxncxnnecKon Mopejin (cm. npnMepw b §3). 
riooxoMy anajior yxBepjKpennn xeopeM [T] n [2] npnBepeM b npepnojioJKennn, nxo cy- 
n];ecxByex cxaxncxnxa J* xanan, nxo Jn/Jn ^ 1- 

TeopeMa 4. Uycmb eunoAuenu ycAoeusi (A) u 

|^K-9|(i^;/^-ii + iM;(9)|) ^0, (20) 

_ n 

ede M^{6) := ^ M[{9, Xi)/ Jn — 1. Tozda odHoiuaeoean M-oyeuKa 9*nj onpedeAena 

i=l 

c eepoAmHocmhK), cmpeMAvyeucA k 1 u 

^A/'(0,1). (21) 

V 

Ecau donoAHumcAhHo cnpaeedAueo (B , mo 

^ 1 /2 

<j(9;:/-9)^M(0,l) npu = J:/(^Ay(9.p.A'.)) (22) 

i=l 

u cmamucmuna d*n j onpedeAena c eepoAmHocrnhw, cmpeMHvyeucA k 1. 

TaKHM odpaaoM, acHMnxoxnnecKne cBoiicxBa opnomaroBon M-openKH ana- 
jiornnHBi noBepennio opnomaroBon M-openKH 9'^j^. Bojiee xoro, aa cnex bosmojk- 
Horo MHoroodpaann paajinnnBix npndjiHJKeHnn J* pjia Jn openKa 9'^j Moncex onpe- 
pejiHXBCH ne opnoananno (cm. npHMep|3]). TeM caMBiM, b nenoxopBix aapanax mojkho 
npepjIOJKHXB MHOJKeCXBO HBHBIX OpHOmaXOBBIX OpenOK, SKBHBajienXHBIX B CMBICJie 
acHMHXoxnnecKOH xonnocxn. flonaxHO, nxo cpepn axnx openoK b xex hjih hhbix 
CHxyapHHx mojkho BBidnpaxB b xom hjih hhom cmbicjic Gojiee npepnonxHxejiBHyio 
opeHKy pjiH napaMexpa 9. 

SaMeuanue 5. IlycxB J* = Jn{9n) (n, cjiepoBaxejiBHo, Jn{9) = Jn). IlpHBepeM 
B 9XOM cjiynae npocxBie pocxaxonHBie ycjioBHH pjia BBinojiHCHHn ycjioBHH fl20|) . B 
§5 6ypex ycxanoBjicHo, nxo pjiH BBinojiHCHHn (As) h ycjioBHH (|20|) (apecB cnnxaeM, 
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HTO HMeiOT MeCTO yCJIOBHH (y4i)-(yl4)) flOCTaXOHHO, HTo6t.I BejIHHHHt.1 Tn { S ), Jn { t ) 
H on,eHKa 0* o^HOBpeMeHHo y^oBjiexBopajiH o^noMy h 3 cjie^yiomHx ^Byx 6 jiokob 
ycjiOBHfl: 

1) BBinojiHeno ycjioBHe (fT5|) h 


lim sup 


Jn{t) 


Jn 


= o(|t —6*1") npu 6 —)■ 6* H (— 

^ y In' 


J„ I \ a/(l+«) 


m;(»)|4o; 


2) BBinojiHeuo ycjioBue (fT6|) u 


(23) 


lim sup 


Jn{t) 

Jn. 


- 1 


/ I 7 I \ Q:/(1+«) _ 

= 0(|i-e|“) npH i ^ « H (■^) |j'4(^)| = Clp(l). 

(24) 


B uacxHocxH, B flByx Kpaunux cjiyuaux a = 0 u a = 1 ycjioBUH ii:^ail u 
npeoGpaayioxcu k cjie^yiomeMy Bu^y: 


lim sup 

n—^oo 



o(l) npu t ^ 6 


H M'^{e) 4 0, 


jih6o 


lim sup 

n^oo 


Jn{t) 

Jn 


0{\t — 6*1) npu t ^ 9 


H 


jl/4 

J-n 


ML{0) 


0 ,( 1 ). 


□ 

2.3. O^HomaroBBie M-opeuKu npunuxo ucnojiBsoBaxB b xauecxBe ubhbix npu- 
GjiHJKeHHH pjia cocxouxejiBHBix M-opeuoK, x.e. pjiu cocxouxejiBUBix cxaxucxuK 6*„, 
uBjiHiomHxcH pemeHueM ypaBHeuuH 


Mn(t) = 0 npu Mn(t) = '^Mi(t,Xi). (25) 

i=l 


TeM ue Meuee, kuk yjxe ynoMuuajiocB bo BBepenuu, opuomaroBBie M-opeuKu u b 
cjiyuae paauopacnpepejieHUBix uaGjuopeHHu coxpauuiox oxMeueuHoe, uanpuMep, b 
M. ra, 0 , m, iia. 0 H [12] B cjiyuae opnopopuBix BBiGopouuBix panuBix 3 a- 
MeuaxejiBHoe u uecKOJiBKo napapoKcajiBuoe cbohcxbo: opuomaroBBie opeuKu Moryx 
oGjiapaxB HyjKUBiMu cBoflcxBaMu Bue BaBucuMocxu ox xoro, oGjiapaiox jiu oxhmh 
CBOHCxBaMH coGcxBeuHo CaMH M-OpeUKH. 

06o3HauHM uepe3 9n{t) Gjiuxcaumee k t pemenue ypaBuenuu fl2^ . HaM xaxjKe 
uoxpeGyexcu cjiepyiom;HH Bapuaux BaKoua Gojiumux uuceji 


n n 



sup M'-{t,Xi) 4 1 

t:\t—0\<S 


(26) 


npu ueKoxopoM 5 > 0. Hiueex Mecxo cjiepyiom;ee yxBepjKpeuue o noBepenuu 6*„(6*). 
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TeopeMa 5. IJycmb eunojinenu ycjioeusi (74i)-(743), eeAuuuHu Jn odnoeo anana 
npu ecex docmamouHO 6 oAhmux n, npu HenomopoM 0 < < cxo 

limsup r„(50) < 1 (27) 

n^oo 

u coomHomenue (|26|) uMeem Mecmo npu 6 = 6 $. 

Toeda c eepoAmHocmhw, cmpeMMUi^eucA k 1, na unmepeaAe [9 — 5e,9 + 5e) (pyuK- 
yuH Mn{t) U3 (| 25 |) cmpoeo MOHomonna {y6ueaem npu Jn < 0 u eoapacmaem npu 
Jn, > 0) w MCHAem 3HaK, m.e. c eepoAmHocrnhw, cmpeMAUi^eucA k 1, na amoM uh- 
mepeaAe cyiu^ecmeyem u eduHcmeenuo pemenue 9n{9) ypaenenuA (| 25 |) . 

Ecau donoAHumeAhHO eunoAneno ycAoeue {A 4 ) u cxoduMocmh 026 p UMeem Me¬ 
cmo npu ecex 6 = 60 manux, umo eepno fl27p . mo 

^(»„(»)-») ^A/'(0,1). (28) 

V 

TaKHM o6pa30M, corjiacHo xeopeMe |5l npn Bect-Ma cjiaGtix orpaHHHeHnax cyipe- 
CTByex KopeHB 9n{9) ypaBHennH fl25p . y^oBjiexBopjiiomHH fl28p . 3xox KopenB ypaB- 
Henna (|25P h npnGjiHJKaiox o^HomaroBBie iU-openKH. 

CxOHX OXMeXHXB, HXO 9n{9) — 3X0 He CXaXHCXHKa, nOCKOJIBKy 3Xa BejIHHHHa 3a- 
BHCHx He xojiBKo OX BBiGopKH, HO H OX HeH3BecxHoro HapaMoxpa 9. OpnaKo B cjiy- 
Hae, Korpa H3BecxHa neKoxopan npepBapHxejiBHan cocxoaxejiBHaH openna 0*, xo 
cynepno3HpHH 9n{9n) (Koxopaa HBjiHexcH cxaxHcxHKon) 6ypex oGjiapaxB cbohcxbom: 
P{9n{9) = 9n{9n)) —)■ 1 C pOCXOM U. HhBIMH CJIOBaMH, ajIXOpHXM HOCXpoeHHH OpOH- 
KH cocxoHx B cjiepyion];eM: mbi BBiGnpaeM GjiHJKanniHH k cocxoHxejiBHofl opeHKe 
KopeHb M-ypaBHeHHH. /I,ajiee, ecjiH BBiHHCJieHHe 9n{9*^ 3axpypHHxejiBHo, xo npo- 
pepypa opnomaroBoro M-opeHHBaHHH — ypoGnaa ajiBxepnaxHBa, no3BOJiHioni;aH b 
HBHOM BHpe onpepejiHXB npnGjiHJKeHHH pjia 9n{9n)- 

OxMexHM eme, hxo ecjiH cymecxByex cocxoaxejiBHaH M-openna 9n, xo 

P{9n = 9n{9)) ^1. (29) 

TeM caMBiM H3 xeopeMBi [5] h cxophmocxh fl29P mojkho H3BjieHB cjiepyloniee yxBep- 
HcpeHHe o6 acHMnxoxHHecKOM noBepeHHH coGcxaenno M-openoK b cjiynae pa3Ho- 
pacnpepejieHHBix HaGjiiopeHHH. 

CjiepcTBHe 1. Uycmt) eunoAucHu ycAoeuA ecAununu Jn odnoeo anana 

npu ecex docmamonno JoAumux n, cxoduMocmu (|26P uMcem Mccmo Oaa ecex 6 = 60 
manux, umo cnpaeedAueo coomuoiueHue 027p . u M-oyeHKa9n cocmoAmcAhna. Toada 

-^{9n-9) ^AA(0,1). (30) 

V 

SaMcuaHue 6. B [56] npHMeHHxejiBHo k poGacxHOMy opeHHBaHHio b jiHHeHHBix 
MopejiHx oxMenaexcH cjiepyioniee HHxepecHoe cbohcxbo opnomaroBBix iU-openoK: 
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ecjiH B KanecTBe npe^BapHTejiBHofi openKH napanexpa BBiGpaxB coGcxaenno caMy 
M-opeHKy, xo o^HomaroBaa M-opeHKa coBna^aex c M-openKofi. /I,pyrHMH cjioBa- 
MH, ecjiH 6^ = 6n, xo = 6n- HcnojiBsya oxox 3(|)(|)eKx, b |56] acHMnxoxHHecKaa 
HopMajiBHocxB M-opeHOK cnepnajiBHoro Bnpa nojiynena h 3 yxBepjKpenHH o6 acHMn- 
XOXHHeCKOH HOpMajIBHOCXH OpHOmaXOBBIX M-OpeHOK B |20| . 

SpecB paHHBiH npneM nosBOJiHex h 3 xeopeMBi[T]nojiyHHXB cjiepyioipee yxBepjKpe- 
HHe: ecjiH BBinojinenBi ycjioBHH { Ai )-{ A4 ) h -^{ 6 n — 9 ) = Op(l), xo HMeex Mecxo 
CXOPHMOCXB fl30l) . 

OxMeXHM, HXO B CJiepCXBHH [H H3BJieHeHHOM H3 XCOpOMBI O nOBepeHHH 9 n { d ), 
pji3 cnpaBepjiHBOcxH fl30|) oxHocnxejiBHO xohhocxh M-opchkh pocxaxonno .ttb ttt b 
yCJIOBHH COCXOHXejIBHOCXH. □ 

SaMenanue 7. IlpH poKa3axejiBcxBe acHMnxoxHHecKofl HopMajiBHocxn M- 
openoK B [H §65, xeopeMa 3] cpepn npoHHx xexHHnecKHx orpaHHHenHH npepnojia- 
raexca (b o6o3HaHeHH5ix HacxoHipeH paGoxBi), hxo cJiyHKpHH Mi{t,x) nenpepBiBHo 

n 

pH4)(|)epeHpHpyeMBi no nepBOMy apryMenxy, \Jn\l 'Yl Esup |M'(t,Xj)| > A > 0 n 

i=i tee 


n 

EE sup |M'(t + u,AO-M'(t,Xi)| 

i=l £G0,t+w£©,|'u|<(5 
n 

EEsup|M'(t,E)| 
i=i tee 

rpe a;(-) ne 3aBHCHx ox n. TaKHM o6pa30M, ycjioBne (^ 44 ) cjiepcxBnn [T] oKa3BiBaex- 
cn necKOJiBKo cjia6ee, nexcejin cooxBexcxByromne orpannueHnn h3 [T]. KpoMe xo- 
ro, B [I] npepnojiaraexcn, nxo 9 nBjinexcn epnncxBenHBiM pemenneM ypaBnenna 

n 

E EMj(t, Aj) = 0 (3pecB pacnpepejienne Aj 3aBHCHx ox t). □ 

^=1 

SaMeuaHue 8. B pannon paGoxe mbi cocpepoxonnjin cBoe BKHManne na acHMn- 
xoxHuecKOH HopMajiBHocxH opHomaxoBBix M-openoK. HanpaBjienne nee nccjiepoBa- 
HHH, CB33aHHOe CO CKOpOCXBK) cGjIHJKeHHU opHomaxoBBix M-OpCHOK H coGcxBeHHo 
cocxonxejiBHBix M-openoK, jiencnx 3 a paMKaMH pannoro nccjicpoBannH. Tcm ne mc- 
nee, oxmcxhm, nxo, na nam B3rji3p, bmccxo H3yneHH5i CKopocxn cGjinjKennn 9 ^^^^ n 

9 n (cm. ([6]) H yxonnennu panee) mojkcx Gbixb onpaapano (uaK b cjiynae opnnaKOBo 
pacnpepejieHHOH, xax n paBHopacnpepejicnnon bbi6opkh) poKa3BiBaxB cooxHomennH 
BHpa y/n{9*^j^^- 9n{9))^^ 0 n 0;^ “ '^n{,9) = Op{n-^'^) npn r e (1/4,1/2] (jin- 
60 3aMeHHXB 9 n { 9 ) na 9 n ( 9 ^)). Hhbimh cjioBaMH, mojkcx 6bixb nojie3HBiM H3ynaxB 
c 6 jiH>KeHHe opnomaroBOH M-openKn n Gjinxcailmero k 9 Kopnn 9 n ( 9 ) ypaBnennu (125|) 
(hjih GjiHJKaiimero Kopnn sxoro ypaBnennu k ncKoxopon coexonxenunon openne 0*), 
BMccxo cGjiHJKennn opnomaroBon M-openKH n cocxonxejiBHoii M-openKH 9n- Taxon 
nopxop no3BOji5iex pacmnpnxB o 6 jiacxB npaKxnnecKoro npnMenennn opnomaroBBix 
M-openoK. □ 

B 3aBepmenHH pa3pejia npnBcpeM pna npnMepa. 


< oo{8) —)■ 0 npn <5 —)■ 0 , 
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IIpHMep 1. B 3TOM npHMepe ^Ba Kopna M-ypaBHennH onpe^ejieHBi c BepoHT- 
HOCTBK), CTpeMHipefiCH K 1, npH 3TOM COCTOHTejIBHOH M-OpCHKH He CymeCTByeT, HO 
GjIHJKaHHIHH K 6 KOpCHB 6n{0) HOHTH HaBCpHOe CXO^HTCH K 6 . HtHK, HyCTB Xi, . . . , 

— BBi6opKa o^HHaKOBo pacnpe^ejieHHBix Ha6jHo;];eHHH hs napaMexpHnecKoro ceMefi- 
CTBa C 0 {-) = + (1 — 9 — 9'^)L^^\-), r^e pacnpe^ejieHHH 

k = 1,2, 3, He HSBecTHBi, ho HSBecxHBi nepBBie MOMeHXBi r Q = {9 > 0 : 9^ + 9 < 
1} = {9 : 0 < 9 < (\/5 — l)/2}, 9 ^ 1/2. Hojiojkhm 

M{9, Xi) =Xi- 9ai - 9^a2 -{1-9- 9^)a3, me au = 

R 



CooTBeTCTByioHi;ee M-ypaBHenne HMeex bh^ 

n n 

0 = ^ M{9, Xi) = nX- n{9ai + 9'^a2 + {1-9- ^ 2 ) 03 ), X = Y^ X^jn. 

i=\ i=l 

KopHH 9ni < 9n2 KBa^^paxHoxo ypaBHeHHH 9‘^{a2 — as) + 9{ai — 03 ) + 03 — X = 0 ecxB 


9nl,2 — 


as - ai ± \ (ai - as)^ - 4(a2 - as)(as - X) 


2(a2 — as) 


BniGepeM pacnpe^ejieHHH L^^'> xaK, htoGbi as — ai = a 2 — as = 5 > 0. B 3tom cjiynae 
C BepOHTHOCTBK) 1 


a3 — X ^ {9 — 9'^)S, 9ni^2 — - ± --y/l — 4(a3 — X)/(5—)■- ± -|1 — 26'|. 

AcHMHTOTHHeCKH ^HCKpHMHHaHT KBa^paxHoxo ypaBHeHHH paBOH (1 — 26^)^ > 0, T.e. 
KOpHH 9 nl H 9 n 2 OHpe^ejieHBI C BepOHTHOCTBK), CXpeMHHieHCH K 1 H COrjiaCHO BBI- 
HienpHBe^eHHOMy onpe^ejieHHio hbjihiotch M-opeHKaMH. IIpH 3 tom 3th M-opeHKH 
He HBJI5HOTCH COCTOHXejIBHBIMH OpeHKaMH HapaMexpa 9 , HOCKOJIBKy HOHTH HaBepHOe 
9 nl 9 JIHHIB npH 0 < 0 < 1/2 H 9 n 2 “^ 9 , eCJIH TOJIBKO 1/2 < 9 < (\/5 — l)/2. Bjih- 
HCaHHIHH K 9 KOpeHB 9 n { 9 ) HpH flOCTaXOHHO GojIBHIHX U OHpe^ejIHeTCH paBeHCTBOM 


Q IQ\ _ \ 0 < 6 ^ < 1 / 2 , 

\ 9 n 2 , ecjiH 1/2 < 6* < (\/5 — l)/2 

H CXO^HTCH C BepOHTHOCTBK) 1 K 6^. □ 

IIpHMep 2. ripHMepBi napaMexpHHecKHx ceMeficTB pacnpe^ejieHHH, ^jih koto- 
pBix opeHKa MaKCHMajiBHoro npaB^ono^oGHH ne cymecxByex hjih ne cocxoHxejiBHa, 
a opeHKH Onmepa b nsBecxHOM cMBicjie acHMHxoxHHecKH ocJicJieKTHBHBi, b cjiynae 
o^HOMepHoro napaMexpa nocxpoeHBi b paGoxax Jl.JIe KaMa h ^ocTaxoHHo cjiojkhbi. 
B cjiynae MHoroMepnoro napaMexpa noflo6HBie npHMepBi cxpoHXB ^ocxaxoHHo npo- 
CTo. HanpHMep, paBHOBecHan cMecB cxaH^^apxHoro HopMajiBHoro pacnpe^ejieHHH h 
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HopMajibHoro pacnpe^ejieHHH c HensBecTHtiMH napaMexpaMH a ii x.e. njioxHocxt. 
pacnpe^ejieHHa ecxt 

/(^,^) = (p(x) = 0 = (a,( 7 ^). 

C o^Hoii cxopoHbi, opeHKa MaKCHMajibHoro npaB^onofloGna napaMexpa 6 = {a, a^) 
3flecb He cymecxByex, nocKOJibKy cJiyHKpHH npaBflonoflo6HH neorpaHHHeHHo Boapac- 
xaex B oKpecxHocxHx n ^ByMepnbix xonex {Xi, 0),i = 1,... ,n, jiexcamHx na rpaHHpe 
oxKpbixoH nojiynjiocKocxH {a G M, a > 0}, npeflcxaBjiHK)ni;eH co6oh napaMexpHne- 
CKoe MHOJKecxBo. C ;];pyroH cxopoHbi, cooxBexcxByioniHe opeHKH Onmepa b 9xoh 
aa^ane acHMnxoxHHecKH acJicJieKXHBHbi! 

AnajiorHHHaH cHxyapHH HMeex Mecxo h b Gojiee o6ni;eH cHxyapHH, Kor^a njiox- 
Hocxb pacnpe^ejieHHH BbiGopoHHbix ^aHHbix aa^aexcH cooxHomeHHeM 

f{0,x) = ^g{{x - a)/a) +^—^g{{x -b)/T), g{0) ^ 0, 0 = {p,a,b,a,T). 

B KanecxBe a^ecb mojkho BbiGpaxb opeHKy no Mexo^y MOMenxoB. /I,aHHbiH npHMep 
co^epjKHxcH, HanpHMep, b MOHorpa(|)HH 3. JleMana |H]. □ 

3 npHjio:»ceHH5i k sa^anaivi perpeccHH 

3.1. B 3XOM paa^ejie npHBe^eM necKOJibKo oxHocHmHxcn k perpeccHOHHOMy ana- 
jinay npHMepoB BoaMoncHoro HcnojibaoBaHHH nojiyneHHbix peayjibxaxoB. PaccMox- 
pHM KjiaccHHecKyio Mo^ejib HejiHHefiHOH perpeccHH. B sxom cjiynae napanexp 6 
HyjKHO opeHHXb no naGjnoflennnM Xi, , X„, HMeioniHM cjie^yion^yio cxpynxypy: 

Xi = fi{6)+ei, = 0, Dei = a^, i = (31) 

r^e {fi{-)} — naBecxHbie (JiyHKpHH, norpemnocxn {si} — nocjie^oBaxejibnocxb neaa- 
BHCHMbix cjiynaiiHbix Bejinnnn, napanexp cr^ Moncex 6bixb He naBecxnbiM. 

Openna Mexopa HanMenbmnx KBappaxoB (MHK) npn neKoxopnix ycjiOBnnx pe- 
ryjiHpnocxH onpepejinexcn apecb nan pemenne 9^ ypanneHnn 

n 

J2M,{t,X,)=0 npn M,(t, X,) =/'(t)(X, -/,(t)), (32) 

i=l 

MHHHMHaHpyloniee cyMMy KBappaxoB norpemnocxen: := argmin '^{Xi — fi{6))‘^. 

_ ® i=i 

Ilpn mnpoKHX orpaHnnennax MBK-openna dn OKaaniBaexcn acHMnxoxnnecKH nop- 

n 2 

MajibHOH c acHMnxoxnnecKOH pncnepcnen j ^ {fi{9)'j . OGocnoBanneM xohhocxh 

i=l 
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HejiHHeiiHoro MHK b cjiynae, Kor^a HaGjno^eHHa HMeioT HopMajibHoe pacnpe^e- 
jieHHe, MOJKex cjiyjKHXb coBna^eHne b sxom cjiynae MHK-opeHOK h openoK Mexo- 
pa MaKCHMajibHoro npaaponopoGHH. TpypnocxH, cBaaaHHbie c BbiHHCJieHneM MHK- 
openoK B HejiHHeHHOH perpeccHH, aanaoxyio oGycjioBjienbi najiKHneM Gojibinoro hhc- 
jia jioKajibHbix MHHHMyMOB y MHHHMHSHpyeMOH (JiyHKpHH, a noxoMy npn HeypannoM 
Bbi6ope HanajibHoro npnGjiHJKeHHa napaMexpa HxepapnoHHbie npopepypbi oGnapy- 
JKHBaiOX JIHinb JIOKajIbHblH MHHHMyM, GjIHJKafiniHH K 3X00 CXapXOBOH XOHKe (cm., 
HanpHMep, m)- MexopojioxHH opHomaroBoro yjiyHineHHH openoK b cjiynaax, ko- 
rpa B03M0JKH0 oxbicKaxb HCKoxopyio npepBapHxejibHyio opcHKy pjia 6, nosBOJiaex b 
HBHOM BHpe CXpOHXb npnGjIHJKeHHH PJI3 pemeHHH ypaBHCHKH fl32|) . 

IIpHMep 3. riycxb perpeccHOHnaa Mopejib aapaexcH cooxHomeHHHMH: 

Xi = y/l + ZiO + Si, Ee:j = 0, = cr^, i = (33) 

rpe HHCJia {zi > 0} HSBecxHbi. B MOHorpa(|)HH |3] yKasano, BbinncjicHHe MHK- 
OPCHKH oGbIHHbIMH HXCpapHOHHblMH MCXOpaMH pjIS 3X00 MOpCJIH (a XaKJKC pjI3 pC- 
rpeccHOHHo0 (|)yHKpHH H3 npHBopHMoxo pajicc npHMepalS]) BecbMa xpypocMKo. B [17] 
B KanecxBe ajibxepnaxHBbi pjia onxHMajibHo0, ho xpypHOBbiHHCJiHMo0 MHK-opeHKH 
nocxpoena cjiepyioni;aH acHMnxoxHHecKH HopMajibnaH, ho hc acHMnxoxHHecKH on- 
xHMajibHaH (b cMbicjie xohhocxh MHK) opcHKa pjia napaMexpa 6 > 0: 

n n n 

6'* = ^ CiXf j dZi, rpe ^ c* = 0. (34) 

2=1 2=1 2=1 

Hcnojib3yH KOHcxpyKpnio opHomaroBbix npH6jiH>KeHH0, xoHHocxb opeHHBaHHH 
H3 [T7] MOJKHO yjiyHHIHXb, HpH 3XOM 3XOM CXaXHCXHKa fl34j) MOJKeX HCHOJIbBOBaXbCH 
B KanecxBe npepBapHxejibHo0 opeHKH. Hjih 4)yHKpH0 h3 (13^ . HMeeM 

Af'(»,.Yj) = ffWXt - (/'(»)/i(«));, 

EA/;(9, A',) =-(/'(9))^ = /"(«)/,(9) - (/'(9)/.(9));. 

HocKOJibKy pjiH paHHo0 MopejiH fl{6)fi{6) ne 3aBHCHx ox 6, xo Hcnojib3ya onpepe- 
jieHHH dSj), (l32|) H nepBoe paBencxBo b (ESj), nojiynaeM 

n n 

Km = K + 2E ■ 7i+^) 

i=l ' * i=l 

OpeHKH H3 (fT^ onpepejiHioxcH ne opH03HaHHo: Bce 3aBHCHx ox BbiGopa opeHKH 

n 

J* pjiH Jn = HanpHMep, cjiepya BxopoMy paBencxBy b (j35l) . 3pecb 

2=1 

n n 

MOJKHO HOJIOJKHXb J* = -^(//(^n))^ Jn = fiK){rfiK) “ (r - l)Xi) 

2=1 2 = 1 
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HJIH 


J* = fi{d^){rXi — (r — l)/j(6**)) npH jiioGom r G M. B nepBOM cjiynae 


2=1 


o^HomaroBaa opeHKa 6***j npHMex cjie^yroipHH bh^: 




^ \/l + 




* 1 
n/ 


2=1 


AcHMnxoTHHecKaH ^ncnepcHH Bcex npe^jiojKeHHBix o^HomaroBBix M-openoK cob- 
napaex c acHMnxoxHnecKOH pHcnepcHen MHK-opeHKH. 3xa onxHMajiBHaH acHMnxo- 


xHHecKaa pncnepcHH ecxB 


IL r) / 

4/= <tV e (/;(9)) ^ 4^7 E ^(1 + »*-.)-■. □ 

i=l ' i=l 


PaccMoxpHM xenepB rexepocKepacxHHecKyio MopejiB HejiHHeHHofi perpeccHH, b 
KOXOpOH pHCnepCHH Ha6jIIOpeHHH 3aBHC3X He XOJIBKO ox HOMepa Ha6jHOpeHHH, HO H 
ox ocHOBHoro HeH3BecxHoro napaMexpa. B sxom cjiynae napaMexp 0 nyjKHo opennxB 
HO HaGjHopeHHHM Xi,, Xn, HMeiOH^HM cjiepyioniyio cxpyKxypy: 


Xi = M^)+Ci. E£i = 0. Dci = a^/u>i(^). i = 


(36) 


rpe {/*(■)} H — H3BecxHBie cJiyHKpHH. OnxHMajiBHaH b neKoxopoM Kjiacce 

M-opeHKa 0n (Tax Ha3BiBaeMaH openna KBa3H-npaBponopo6HH; cm., HanpHMep, 
onpepejiHexcH 3pecB KaK pemeHHe ypaBHeHHH 




(37) 


2=1 


IlpH HIHpOKHX OrpaHHHCHHHX OpCHKa KBa3H-npaBponopo6HH 0n OKa3BIBaeXCH aCHMH- 

n 2 

XOXHHeCKH HOpMajIBHOH C aCHMHXOXHHeCKOH pHCHepCHeH X] (^) (/i (^)) ’ ^O- 

2=1 

ppoGnee opnomaroBBie npopepypni pjiH naxoncpennH b hbhom BHpe openoK, hmcio- 
mnx aCHMHXOXHHeCKH XOHHOCXB OpeHOK KBa3H-npaBponopo6HH, paCCMOXpeHBI aBXO- 
pOM B dSl. 

IIpepnOJIOJKHM, pOHOJIHHXejIBHO K (136|) . HXO HaGjHOpeHHH {Xi} — HOpMajIBHO 
pacnpepejieHHBie BejiHHHHBi. B 3xom cjiynae openna MaKCHMajiBHoro npaaponopo- 
6hh 0Ka3BiBaexcH hcckojibko xonnee, nexcejiH openna KBa3H-npaBponopo6HH. 06bih- 
Ho napaMexp cx^ npepnojiaraexcH ne useecmnuM. SpecB pjiH npocxoxBi paccMoxpHM 
MopejiBHyio 3apaHy, cHHxaa, hxo BHanenne cx^ useecmno. B npoxHBHOM cjiynae npHH- 
pHHHajiBHo Bce oGcyjKpaeMBie 3pecB 9(j3(|)eKXBi coxpaHHxcH, ho nyjKHo bochojibbo- 
BaxBCH yxce pByMepHBiMH aHajioraMH npHBepeHHBix b §2 pe3yjiBxaxoB (cm. §4). 

MopejiH (l36|) opeHKa MaKCHMajiBHoro npaaponopoGHH 6 n hbjihcxch pemeHH- 
eM cjiepyloniero ypaBHeHHH: 


'^Mi{t,Xi) = 0, 


2=1 


j ^ (Xi - _ (X, - fi(t) fui((t) ^ M>'(() 


(38) 




2a2 


2wi{t)' 
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O^HomaroBaa oii,eHKa onpe^ejiHeMaa cooxHomeHHeM fll9p c cJiyHKpHHMH •)} 

H3 fl38p . npHMex cjie^yiomHH bh^: 


/)** _ /)* I 

^n,J ~ “n + 


^ -^ 


J2 {{fii0n)f >^'>i0n) + <r'‘rPw'M)/w.{irjy 

i=l 


(39) 

OxMeXHM, HXO MOJKHO 3^eCB B0Cn0JIB30BaXBCH H CXaXHCXHKOH H3 (HB , HO npefl- 

cxaBjieHHe ^jih M-{t,Xi) 0Ka3BiBaexcH 6ojiee rpoM03flKHM, nencejiH HHcJiopMapHH 
Onmepa, cooxBexcxByion^aH HaGjHo^eHHio Xi h ynacxByion^aH b BHaMenaxejie npe^- 
CXaBJieHHH (1^ flJIH opeHKH 

TaKHM o6pa30M, o^HomaroBBie M-opeHKH hobbojihiox b hbhom bh^b naxo^HXB 
opeHKH, HMeromne acHMnxoxHHecKH xy >Ke xohhocxb, hxo h xpy^Ho BBiHHCJiHMaH 
B ^aHHoii cHxyapHH opeHKa MaKCHMajiBHoro npaB^ono^oGHH 6n- B HacxHocxH, b 
^ aHHOH Ba^ane npn BBinojineHHH ycjioBHH xeopeMBi H] opeHKa onpe^ejieHHaH b 
fl39p . HBJIHeXCH aCHMHXOXHHeCKH HOpMajIBHOH C aCHMHXOXHHeCKOH ^HCHepCHefi 


In/Jl = j ^ (wi{e){f-{e)Y + y(M;'(0)/w;i(0))' 

1=1 ^ 


(40) 


IIpHMep 4. PaccMoxpHM oflHOMepHyio Mo^ejiB HejiHHeiiHOH perpeccHH, nopoHc^en- 
Hyio H3BecxHBiM GnoxHMHHecKHM ypaBHCHHeM MnxasjiHca-MeHxeH (cm., nanpHMep, 
|40| . |23| . |16)B B 3XOM cjiynae HaGjuo^eHHH {X,} npe^cxaBHMBi b bh^c 


X- = 


CLi 


1 + biO 


+ ^15 


i = 1,.. .,n, 


F^e {oj > 0} H {bi >0} — H3BecxHBie HHCJioBBie nocjie^oBaxejiBHocxH. H nycxB bbi- 
nojiHCHo (]36l) . a HaGjuo^eHHH hmciox HopMajiBHBie pacnpe^ejieHHH. B KanecxBe open- 
KH 0* PJIH HOCXpoeHHH 6^*j MOJKHO HCHOJIBBOBaXB CJICpyiOmyiO CXaXHCXHKy (aCHMH- 
xoxHHecKH HopMajiBHyio npH iHHpoKHx oFpaHHHeHHHx), HocxpoeHHyio H HCCJiepO- 
BaHHyio B |15| : 

n n 

e: = j2 

i=l i=l 

rpe {ci} — HCKoxopBie HHCJia. Tox (|)aKx, hxo acHMnxoxHHecKaa pncnepcHH opeHKH 

n If \ 2 

0* H3 ea. paBHaa ^ c^(l + biO^w^ ^{6) / ( ^ Ciaibi{l + biO) ^ j , npn jhoGom 

i=l I ^i=l ' 

/ n 

BBiGope KOHcxaHx {ci} GojiBine, hcm ct^ / Wi{6)a‘fb‘^ /{1 + bi6)‘^, ycxanoBjicH b [T5] . 

' i=\ 

TaKHM o6pa30M, acHMnxoxHHecKan pncnepcHH opHomaroBofi opchkh Q** j h3 ([39]), 
paBHaa 


IJJl = I ^ 

-j —1 


cr 
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OKasMBaeTCH Mentme, neacejin acHMnxoTHHecKaa ^ncnepcHH npe^BapHTejiBHofi open- 

KH e*^. □. 

IIpHMep 5. riycTB Ha6jiK)peHH5i Xi HMeioT cjiepyioipyio CTpyKxypy: 

Xi = ttiO + big{e) + Ei, i = (42) 

rpe {oj} H {bi} — H3BecxHBie HHCJioBBie nocjiepoBaxejiBHocxn. B |5] nocxpoena cjie- 
pyioipaH 3BHa5i cxaxHcxHKa pjia napaMexpa 6: 

n n 

e: = J2c^X,|J2c^a^, (43) 

i=l i=l 


n n 

rpe HHCJia {q} xbrobbi, hxo ^ = 0 h X] 7 ^ 0. B |5] poKasano, hxo npn mn- 

i=l i=l 

poKHx orpaHHHeHHax openKa aBjiHexca acHMnxoxHnecKH HopMajiBHofl c acHMn- 
xoxHHecKOH pHcnepcHeil Yh Ci De* / ( Y *^ 1 ®*) • 

i=l / ^i=l ' 

HcnojiBsya o6cy>KpaeMBiH apecB nopxop opHomaroBoro yjiyHineHHH xohhocxh 
opeHHBaHHH, opeHKy 0* h 3 [5] MOJKHO yjiynmHXB. AnajiorHHHo npHMepy[3l b cjiynae 
opHopopHBix norpeniHocxen {si} (cm. fl3Tl) ) mojkho HcnojiB30BaxB pa3JiHHHBie opno- 
maroBBie openKH, HMeioipHe acHMnxoxHnecKyio xohhocxb MBK-opchkh. Ecjih jkc 
BB inojiHCHo [2S] — MOJKHO HaxopHXB opHomaxoBBie yjiyHineHHa, HMeioipHe xohhocxb 
opeHOK KBa3H-npaBponopo6HH. 

B cjiynae (l36l) h HopMajiBHo pacnpepejieHHBix naGjiiopeHHH b KanecxBe yjiyn- 
ineHHH pjiH 0* H3 [5] cjiepyex BBi 6 paxB opHomaroByio opeHKy 0**j, onpepejieHHyio b 
fl40|) . B cHjiy (I40|) acHMnxoxHHecKaa pncnepcHH 3 xoh opHomaroBOH M-opeHKH onpe- 

pejiHexcH paBeHcxBOM h/Jl = cxY • 

i=l ^ ^ 

Hexpypno BHpexB, hxo hh npn kbrom BBiGope KOHcxanx {ci} b fl43l) pjiH opeHKH 6 ^* 

He MOJKex 6 bixb pocxHxnyxa sxa xohhocxb. □ 


3.2. 06cypHM Bonpoc o neKoxopBix cnoco6ax nocxpoeHHH npepBapnxejiBHBix 
openoK B 3apaHax HejiHHeHHOH perpeccHH. Cpepn MHoroo6pa3HH Mopejiefl hcjih- 
HCHHOH perpeccHH BBipejiHM, npejKpe Bcero, xaK Ha3BiBaeMBie eHympenne JiuneilHue 
(hjih eneiuHe HeAuneunue) MopejiH perpeccHH. HanoMHHM (cm., nanpHMep, i) , HXO 
K nopo6HBiM MopejiHM npHHHxo oxHocHXB MopcjiH HejiHHeHHOH perpeccHH, KOXOpBie 
XeMH HJIH HHBIMH npeo6pa30BaHHHMH MOJKHO HpHBeCXH K JIHHeHHBIM MOpejIHM pe- 
rpeccHH, copepjKaipHM H3HaHajiBHo opeHHBaeMBie napaMexpri. 

TaK, HanpHMep, k sxoMy Kjiaccy oxhochxch MopejiH perpeccHH (|3^ h (142|) . Tcm 
caMBiM, mojkho npepjiOHCHXB H ppyroH cnoco6 nocxpoeHHH hbhbix openoK b oxhx 
MopejiHx, HexcejiH npneMBi, HcnojiB3yeMBie b [5], [T7], a xaKHce b [7]. 

/leHCXBHXejIBHO, PJIH perpeCCHOHHOH cjDyHKpHH H3 (I42|) pOCXaXOHHO HOJIOJKHXB 


X- 


X2i X2i-l 

b2i b2i-l 


0'2i 0'2i-l 

b2i b2i-l ’ 


£2i 

b2i 


£2i-l 

b2i-l ’ 


i = 1,..., n/2 
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(6e3 orpaHHHeHHH o6iri;HocTH mojkho cHHTaxb, hto bj ^ 0 npn Bcex j) h b Mo^ejin 
jiHHeflHOH perpeccHH Xi = 'aiQ i = 1,... ,n/2, opeHHXB 6 BSBemeHHBiM MHK c 

HeKOXOpBIMH BeCaMH. 

^jiH Mo^ejiH (13^ HMeeM Xf = 1 + 9zi + e] + 2\/l + OziEi. Cjie^oBaxejiBHo, napa- 

Mexp 6 MOJKHO OpeHHXB HCXO;];3 H3 MO^ejIH JIHHeHHOH pexpeCCHH Xi = 6o + 6Zi + Si, 
r^e Xi = Xf — 1, = 2\/l + OziSi ef — Eef, Oq = Eef. B o6ohx npHMepax 

E?j = 0 H npH mnpoKHx orpaHHHeHHax opeHKH B3BemeHHoro MHK c neKoxopBi- 
MH BeCaMH OKaXCyXCH aCHMnXOXHneCKH nopMajIBHBIMH (ho He OnXHMajIBHBIMH) flJIH 
napaMexpa 6 b nojiyneHHBix rexepocKe^acxHHecKHx Mo^ejiHx jiHHeHHOH perpeccHH. 
AnajiorHHHBiM o6pa30M mojkho opeHHXB h MHoroMepHBifl napaMexp 6 i,... ,6^, 
6ojiee o6n];eH BHyxpenne jikhchhoh Mo^ejin Xi = \J9\Z\i + ... + OmZmi + c coox- 
BeXCXByiOmHMH MOMeHXHBIMH OXpaHHHeHHHMH Ha HOrpeHIHOCXH. 

B KanecxBe eme o^hoxo npHMepa BHyxpenne jiHHeHHofi Mo^ejiH paccMoxpHM cjiy- 
naii, Kor^a HaGjHo^eHHH {Xi\ HMeiox cxpyKxypy X, = ln(l + 9zi) + Si c ycjioBHeM 
Ee^‘ = (T^ < oo npH Bcex i. HpeoGpaByeM oxo perpeccHOHHoe ypaBHenne cjie^y- 
loniHM o6pa30M: = (1 + 9zi){e^^ — Ee^^) + (1 + 9zi)Ee^^. 3xo ecxn Mo^ejiB 

JiHHeHHOH perpeccHH X* = 6*o + 9iZi + ii, ecjiH hojiojkhxb Xj = 9o = Ee^^, 
9i = 99o, e* = (1 + 9zi){e^^ — Ee^^). Hycxn xenepn 9q n 91 — opeHKH B3BemeHHo- 
ro MHK, a HCKOMyio opeHKy napaMexpa 9 onpe^ejiKM cooxHomeHHeM 9* = 91/9q. 
Hexpy^HO npoBepnxB, nxo npn niHpoKHX orpaHHneHHHX 0* HBjiHexcn acHMHXoxH- 
necKH HopMajiBHOH opeHKOH. OnHcaHHBiH BBime npneM onenH^HBiM o6pa30M o6o6- 
ipaexcH Ha cjiynan MHoroMepnoro napaMexpa, Kor^a oxkjihkh HMeiox cxpyKxypy 
Xj = ln(l + 6'i2;ij + ... + 9mZmi) + HecKOJiBKo HHan apryMenxapHH npn no- 
CXpoeHHH HBHBIX aCHMHXOXHHeCKH HOpMajIBHBIX OpOHOK HapaMexpa 9 PJIH XaKOH 

jiorapHcJiMHHecKOH MopejiH 6Bijia npepjiojKeHa b [7]. 

K coHcajieHHK), Kjiacc BHyxpenne jiHHeHHwx Mopejieii pocxaxonno y30K, h ho- 
po6HOe CBOHCXBO B03M0>KH0r0 npeo6pa30BaHHH HejIHHeiiHOH MOpejIH K JIHHeilHOH 
HBjinexcH CKopee HCKjnoneHHeM, nencejiH npaBHjioM. HosxoMy B03HHKaex HeoGxopn- 
MocxB pa3pa6oxKH HeKoxopnix nopxopoB nojiyneHHH npepBapHxejiBHwx openoK pjiH 
Co6cXBeHHO HejIHHeHHBIX MOpejieH. 

PaccMoxpHM xHHHHHyio perpeccHOHHyio MopejiB, Korpa Ha6jHopeHHH {Xj} HMe¬ 
iox cxpyKxypy 

Xi = f{9,Zi) + Ei, Esj = 0, Eef < oo, i = l,...,n, (44) 

rpe (JiyHKpHH /(•, •) h HHCJiOBaa nocjiepoBaxejiBHOcxB {zi} hbbccxhbi, norpeniHocxH 
{Si} He3aBHCHMBI H 6^ G 0 = (o, 6). 

HpepjiaraeMBiH nopxop ocHOBan na HcnojiB30BaHHH HHxerpajiBHBix cyMM PnMa- 
Ha, a HoxoMy ypoGnee npn KancpoM cJiHKCHpoBaHHOM n > 1 ynopapoHHXB zi,... ,Zn 
HO B03paCXaHHI0: Zn-.l < • • • < Zn:n- B 3XOM CJiyHaC COOXBCXCXByiOipHM o6pa30M 
nepenyMepyioxcH Xj h Ei (c coxpaHCHHeM ycjioBHH He3aBHCHMocxH) h MopejiB fl44j) 
npHMex BHp 

Xjii Zn:i) Eni, EEni 0, E^^j < CX), i 1, . . . , 77.. 
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B npHBo^HMOH HHJKe TcopeMe E] npe^nojiaraeTca, hto c pocxoM n paccTOHHHH 
MeJK^y TOHKaMH Zn-.i H Zn-i-1 C Onpe^ejieHHOH CKOpOCTBK) CXOfl3TC5I K HyjIK), npH 3TOM 
B03M0>KHa KaK cHxyapHH, Kor^a Bce Zi jiejKax na KOHennoM oxpesKe [c, d] (b 9xom 
cjiynae coBOKynnocxB {zn-,i} oGpaayex HaMejiBHaiomeecH paaGnenHe oxpesKa [c,d\), 
xaK H cjiynan neorpaHHHeHHoro BoapacxaHHa Zn-.n- 
riojIOJKHM AZni := Znd “ ^n :0 = C, 

d 

sup \f{e,ti) - f{9,t2)\, T{t) = [ f{t,z)dz. (45) 

|tl-t2|<A J 

c 

TeopeMa 6. Uycmh Zi G [c,d\ npu ecex i, Zn,n —^ d {donycKaemcH, umo d = oo), 
maXj<„A^„j —)■ 0, (jiyuKyuH f{6,z) unmeepupyeMa no PuMany emopoMy apeyMen- 
my na [c,d\, ^ynnyuH T{t) U3 ( 145 ]) cmpoeo MOHomoHua u nenpepuena na {a,b), 
a odpamnasi ^ynnyun T~^{t) ydoeAemeopaem ycAoeum PeAhdepa c noKasamcAeM 
p G (0,1]. KpoMe mo 20 , nycmh 

n 

all^dn^Q npu d\ = ^{AzniY^eii, (46) 

i=l 

n ^ 

all^'^Ufp{Azni)Azni^^, al/^ f{0,z)dz^0. (47) 

'=1 zL 

Toeda oyeuKa 

n 

i=l 

mJinemcH an-cocmonmeAhuou. 

Ecau donoAHumeAhHo (pyunyuH T{t) nenpepueno du^^epenyupyeMa, ycAoeuA 
U3 dSD eunoAuenu npu 3aMeHe aA na 1/dn, a eMecmo ycAoeuA fl46]) uMemm Me- 

n 

cmo cxoduMocmu dn ^ 0 u E ^ZniEni/dn Af{0, 1), mO 

i=l 

(«:-e)/d„^Ar(o,|r(e)n. 

O 6 o 6 iri;a 5 i npHMep 2, nycxB f{6, Zi) = (1 + 9ziY, 6 * > 0, z, G [0,1], r 7 ^ 0, —1. B 
3 XOM cjiynae T{9) = h aHaHenna oGpaxHofl (JiyHKpHH T~^{-) Moryx 6 bixb 

jiexKo BBiHHCJieHBi (c Hanepe^ sa^aHHofi xohhocxbio) no xaGjinpe ^jih (l^ynKpnn T{t). 
B cjiynae, Kor^a r < —1, c = 0 n d = 00 HMeeM T{9) = Oxmoxhm, nxo Mo^ejiB 

f{9, Zi) = (1+6' 2 ;^)^'^^ H3 npHMepa 2 nBjinexcn Bnyxpenne jinnenHon xojibko b cjiynae, 
Kor^a Eej = A/wi H nncjia {wi} naBecxHBi. ripe^jiaraeMBin a^ecn npneM noaBOJinex 
naxo^HXB npe^BapnxejiBHyio openny pjin yKaaaHHon perpeccnonnon (l^ynKpnn n npn 
ppyrnx (Gojiee o6ni;Hx) orpannnenHHX na norpemnocxH naGjnopeHHfl. 
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ripe^jiaraeMbiH b TeopeMeElnpHeM nocTpoeHHH openoK pjia cJiyHKpHH cnepnajib- 
Horo BHpa (b HacTHocTH, cxeneHHBix) mojkho pacnpocxpaHHTB h na cjiynail, Korpa 
Zn-.n —^ oo, perpeccHOHHaH (l^yHKpHH f{9, z) He HHxerpnpyeMa na [c, cxd), a nocjiepo- 
BaxejiBHocxb {^n:i/2^n,n} oGpasyex HaMejiBHaiomeeca pasCnenHe oxpesKa [0,1]). Kpo- 
Me xoro, 9XOX npneM ponycKaex o6o6n];eHHH na cjiynan MHoroMepnoro HensBecxHoro 
napaMexpa h MHoroMepnoro perpeccopa. Kjiacc xaKHx MHoroMepnbix aapan nejiH- 
HeflHOH perpeccHH BKjHonaex b ceGa, b hbcxhocxh, BaxcHBie b npHjioxceHHHx MopejiH 
pocxa, oHHCBiBaiomHe npopeccBi, npoHcxopamne b Ghojioxhh, xhmhh, 3KOHOMHKe. 
noppoGnee Mexopni nocxpoeHHH npepBapnxejiBHBix a„-cocxo5ixejiBHBix hjih acHMn- 
XOXHHeCKH HOpMajIBHBIX (hO He OHXHMajIBHBIx) OpeHOK B paSJIHHHBIX SapaHaX HejIH- 
HeHHOH perpeccHH 6ypyx paccMoxpeHBi b oxpejiBHoii pa6oxe. B hhcxhocxh, penn 
Hpex o6 opeHHBaHHH napaMexpa 0 G M"* b MopejiHx HejiHHeHHOH perpeccHH bh- 
pa Xi = f{0,Zi) + Si, i = 1,... ,n, rpe /(•, •) — HeKoxopaa HSBecxHaH (|)yHKpH5i, 
SHaHeHHH fc-MepHBIX BeKXOpOB Zj XaKHCe H3BeCXHBI. 

3.3. Hnorpa cJiyHKpHH Mi{t,Xi) ecxecxBeHHBiM oGpaaoM ponycKaiox (JiaKxopn- 
aapHK) BHpa 


M,{t,X,) = h,{t)M,{t,X,). 


(48) 


HanpHMep, b cjiynae MHK-opeHKH (152|) mojkho hojiojkhxb hi{t) = f-{t), Mi{t,Xi) = 
Xi — fi(t), apjiH opeHKH KBa3H-npaBponopo6HH flS7|) cHHxaxB, hxo hi(t) = Wi(t)f-(t), 
Mi{t,Xi) = Xi — fi{t). 0Ka3BiBaexcH, BBipejieHHe b (H8|) neKoxopBix MHoxcHxe- 
jieH hi{6) no3BOJiHex ocjiaGjiHXB ycjioBHH na rjiapKocxB cJiyHKpHH, onpepejiHioipHx 
opHomaroBBie opeHKH. Hnnce mbi npHBepeM npocxBie pocxaxoHHBie ycjioBHH pjiH 
acHMHxoxHHecKOH HopMajiBHocxH opHOHiaroBOH M-opeHKH B cjiynae, Korpa 

(JiyHKpHH hi{t) H Ml{t,Xi) ypoBjiexBopjHox jihhib ycjioBHio Fejinpepa. B nacxHo- 
cxH, pjiH pByx oxMeneHHbix npHMepoB (|)aKxopH3apHH (HHj) HcnojiB30BaHHe npHBo- 
pHMOH pajiee xeopeMBi [ 7 ] no3BOJiHex ocjiaGnxB (no cpaBHennio c xpeGoBaHHHMH xeo- 
peMBi H]) ycjioBHH Ha rjiapKocxB (|)yHKpHH fi{t) h Wi{t). OxMexHM eipe, hxo npn 
onpepejieHHH opnomaroBoro npnGjiHJKeHHH 9'^*j pjiH MHK-opeHKH npoipe Bcero 



cjiynae opeHKH KBa3H-npaBponopo6HH hojiojkhxb 


HaM noxpe6yexc5i cjiepyioipee npepnojiojKeHHe. 

(A“). BbiHOJiHeHo ycjioBHe (Hi), npn jho6om i na 0 3apaHBi cJ^yHKpHH hi{t) h c 
B epoOTHOcxBio 1 HenpepBiBHO pHcJicJiepeHpHpyeMBie no nepBOMy apryMenxy cJiyHK- 
pHH Mi{t, Xi) xaKHe, hxo pjiH neKoxopnix p,q ^ (0,1] 


Vti,t2 e 0 \hi{ti) - hi{t2)\ < hi\ti - taT, 


(49) 
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cxoflHMocTt. hi{6)Mi{6, Xi)/ A/'(0,1). KpoMe xoro, HMeioTca opeHKH 9* 


2=1 


H J*, fljia KOTOpt-IX J*/ A 1 H 

n 

K - 9r''5]K.E|M'(9, A'.)|/V4 a 0. 

2=1 

n 

K - ^r+’E (!''»- '’!"*• + \HmK)lVTn A 0, (50) 

2=1 

n 

(01 - e)(j: - A 0, (o; - 9 ) (E H0)M',{0,X,) - J„)/^ A 0. 


2 = 1 


IIpH BbinojiHeHHH ycjioBHH {A ) onpe^ejiHM o^HomaroByio M-openKy cootho- 
menneM 


= 9 ; - E A,(9;)Mj(9;,.Yj)/j;. 

2=1 

TeopeMa 7. Ecau eunoAneno npednoAocHcenue (^“) u 

n 

E [UO'J - /!,( 9 ))M,( 9 ,.Yi)/VA A 0 , 


(51) 


(52) 


2=1 


mo odnoiuaeoean M-o%eHKa 9^*j onpedeAena c eepoAmHocmhio, cmpeMHVneucA k1 u 


J, 




” (9P-9)^A9(0,1). 


SaMenanue 9. /JoKaaaTejiBCTBo (j5^ b cjiynae, Korpa cJiyHKpHH hi{t) ypoBjie- 
TBopjiioT jiHniB ycjioBHio FejiBpepa, npepcxaBjiHex neKoxopyio xexHHnecKyio xpyp- 
HOCXB (cm. [IO] h m)- Bea orpaHHHeHHH oGipnocxH 6ypeM cHHxaxB, hxo cJiyHKpHH 
hi { t ) npopojiJKCHBi Ha M c BBinojiHCHHeM ycjioBHH FejiBpepa (H9|) na bcch hhcjioboh 
npHMoii. ^ocxaxoHHBie ycjioBHH pjiH fl52|) b cjiynae, Korpa npepBapnxejiBHaH opcHKa 
6** HMeex cjiepyion];yio cxpyxxypy 


91-9 = 


2=1 

n ■ 

2=1 


E'Ufij(0, X^ — EiVniid 1 Xij — 0, i — 1,..., Ti, 


HcxpypHo H3BjieHB H3 xcopcMBi 3 B [TT] (bo bccx npHMcpax H3 paapcjia 3.2 opeHKa 
0* ypoBjiexBopaex yKaaaHHOMy xpeGoBaHHio h3 mi). B HacxHocxH, ycjioBHe 

n n 

BBinojiHeHO, ecjiH —)■ 0 npn := Y1 h 


2=1 


2=1 


E 


. 2=1 


l/(2-p) 


2-p 


In 0 , 


(53) 
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OxMeTHM, HTo i];eHTpajibHoe ycjioBHe (155]) HMeex Mecxo, ecjin 

l//n = 0(l/n), sup{7ii, EM^(6',Xi)} < cx). (54) 

n^i 

B HacxHocxH, nepBoe ycjioBHe b fl54|) BBinojiHeno b cjie^yiomHx xpex cjiynanx: 

y/ndnu = O^Vj'ap > 1/2, 0 h p > 2/3, -)■ 0 h p = 1. 

Ecjih HMeex p;po6Ho-jiHHeHHyio cxpyxxypy, xo p,ocxaxoHHBie ycjioBHH p;jiH fl52|) 
MOHCHO nojiynaxB h b xepMHHax cGjiHJKeHHH h 6^ no BepoHXHocxH (x.e. b xepMnnax 
ycjioBHH — 6^) A 0) (cm. nop;po6HocxH b [T3]1. 

B [To] (6e3 HcnojiB30BaHHH npep;nojio>KeHHH o cnepnajiBHOH cxpyxxype 0*) p;o- 
Ka3aHo, Hxo p;ji5i BBinojineHnn (j52|) p;ocxaxoHHo, hxo6bi HMejiH Mecxo cxop;hmocxh 

n 

(E|C - ^ 0, 

i=l 

n 

^S,(E|9; - ^ 0. (55) 

i=l 

rp;e Hepe3 o6o3HaHeHo ycjioBHoe MaxeMaxHnecKoe ojKHp;aHHe, B3Hxoe npn ycjio- 
BHH, Hxo npn Bcex j ^ i (JiHKCHpoBaHBi 3HaHeHH5i Xj, j = 1,... ,n. K Bonpocy o 
npoBepKe ycjiOBHH (j55|) cxohx oxmcxhxb, hxo b npocxeHniHX peryjinpHBix cjiynanx 
E|0* — E^i0* p ecxB BejiHHHHa nopHp;Ka 1/n^. □ 

4 06o6iii,eHH5i HeKOTopbix pesyjibxaTOB na cjiynaii 
MHoroMepHoro napaMexpa 

B 3XOM naparpa(|)e nacxB pe3yjiBxaxoB §2 6yp;yx o6o6in;eHBi na cjiynafi mhoxo- 
MepHoro napaMexpa 6 C W^. 

ycjioBHMCH o6 oGoBHaneHHHx. /lajiee Bexxopa — oxo BeKxop-cxojiGpw pa 3 MepHo- 
cxH m, Koxopwe 6 yp;yx oGoBHanaxBCH nojiyjKnpHBiMn GyKBaMH, a m-MepHwe KBap,- 
paxHBie MaxpnpBi 6 ypyx oGoBHanaxBca hphmbimh 3 arjiaBHBiMH GyKBaMH. Chmboji 
oGoBHanaex xpaHcnoHHpoBaHHe Bexxopa hjih MaxpHpw. B cjiynae cHMMexpnnHBix 
HeoxpnpaxejiBHo onpepejieHHwx MaxpHu, D Hepe 3 SypeM oOoBHanaxB epHH- 

cxBeHHyx) cHMMexpHHHyio HeoxpnpaxejiBHo onpepejieHHyio Maxpnpy, xoxopan ypo- 
BjiexBopnex paBencxBy = D = 

/Tjih jHoOoro Bexxopa x chmboji ||x|| oOoBHanaex eBXjinpoBy HopMy 3xoro Bex- 
xopa, a Hepe3 ||B|p oGoBHanaexcH cyMMa xBappaxoB 3JieMeHxoB MaxpnpBi B. Ox- 
MexHM, Hxo xaxHM o6pa30M BBepeHHaH MaxpHHHaH HopMa oGjiapaex bccmh cboh- 
CXBaMH HOpMBI Ha JIHHeHHOM HpOCXpaHCXBa MaxpHH, B CHJiy OneBHpHOH H30MexpHH 
3X0X0 npocxpancxBa c eBxjinpoBBiM npocxpancxBOM pa3MepHocxH KpoMe xo- 
xo, pjiH jhoGbix MaxpHu; B h C h jhoGoxo Bexxopa x cnpaBepjiHBBi cooxHomeHHH 
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liBCII < ||B||||C|| H ||Bx|| < ||B||||x||. CxO^HMOCTt. BeKTOpOB HJIH MaTpiII]; nOHH- 
MaexcH HJIH KaK noKoop^HHaxHyio cxo^hmocxb, hjih, hxo sKBHBajienxHo, KaK cxo- 
flHMocxB B cooxBexcxByiomeH eBKjiH^OBOH HopMe. Chmboji A/'(0, I) oGosHanaex m- 
MepHoe cxaH^apxHoe HopMajibHoe pacnpe^ejieHHe, a chmboji E — MaxcMaxHHecKoe 
ojKH^aHHe, BSHxoe HO HcxHHHOMy pacnpe^ejicHHio. 

B cjiynae m-Mepnoro napaMcxpa 6 C M™' onpe^ejiHiomHe M-opcHKy cJiyHKpHH 

Mj(t,Xj) HBJIHIOXCH m-MCpHblMH BCKXOpaMH H M-OpCHKa OnpepejIHCXCH KaK 
pemcHHe m ypaBHCHHH, Koxopbie b bckxophoh cJiopMe hmciox cjiepyioipHH BHp: 

n 

5 ^M,(t,X,) = 0 . 

i=l 

HxoGbi B 3XOM cjiynae onpepejiHXb opHomaroBbie M-opchkh h ccJiopMyjiHpoBaxb 
yXBepJKpCHHH o6 HX CBOHCXBaX, npHBCpCM COOXBCXCXByiOipHe o6o6lU;eHHJI yCJIOBHH 
(Ai) — (A 5 ), cocxaBjiHioipHx npepnojiojKeHHH (A). 

(Ai). HaGjiiopaexcH Bbi6opKa o6x.eMa n, cocxoHipaH h3 neaaBHCHMbix sjieMCHxoB 
Xi, X 2 , . . . , Xn CO SHaHeHHHMH B npOH3BOJIbHOM H3MepHMOM HpOCXpaHCXBC X H 
pacnpepejicHHHMH Ci C 2 , ■ ■ ■, 3aBHC5iiu;HMH ox HHxepecyioipero nac ochobhoxo 
HeH3BecxHoro napaMcxpa 0 G © C M™, rpe © — oxKpbixoe mhojkccxbo. KpoMc 
xoro, 3XH pacnpepejieHHH 3aBHCHx, BooGipe roBopn, ox n, h, bobmojkho, 3aBHCJix 
xaKJKc ox HCKoxopbix MCHiaioipHx napaMcxpoB hpohbbojibhoh npHpopbi. 

(A 2 ). Ha MHOJKecxBc © npH jiioGom i 3apaHbi BaBHcaipHe, BooGipe roBopa, ox 
n m-McpHbie BCKxopa Mj(t,Xj) h m x m-McpHbie Maxpnpbi M'(t,Xj) xbkhc, hxo 
pjiH KajKporo HHxepBajia (ti,t 2 ), pcjihkom jicxcaipero b 0, c BcpoHXHocxbio 1 hmccx 
MCCXO paBCHCXBO 

1 

Mi(t2, Xi) - Mi(ti, Xi) = j M'(ti + v{t2 - ti), Xi)dv • (t 2 - ti) V(ti, 12) C 0, 

0 

KOHCHHbl MaXCMaXHHeCKHC OJKHpaHHH KaXCpOH KOMHOHCHXbl MaxpHpbl M'(6',Xi) H 
CnpaBCpjIHBbl COOXHOmCHHH 

EM,( 6 >,X,) = 0, E||M,(6>,X,)||2 < 00. 

SaMenanue 10. Oxmcxhm, hxo pjiH hohxh bccx t G © Maxpnpa M'(t,Xi) c 
BCpOHXHOCXbK) 1 COBHapaCX C MaxpHpCH HkoGh BCKXOpa Mi(t,Xi). 

n 

(A3). HaHHHan c HCKoxoporo n Maxpnpa J„ := ^EM'(6*,Xi) HCBbipoHcpeHa, 

i=\ 

n 

a MaxpHpa ;= ^ EMi(0, Xi)M7(0, Xi), HBjiaioipaHCH cyMMOH KOBapnapHOH- 
i=\ 

HbIX MaxpHp BCKXOpOB Mi(0,Xi), HOJIOJKHXejIBHO OnpcpCJICHa. KpOMC xoro, 

||In^'^^||||Jn|| ^ 00, sup II II II In < 00, 

n 

n n 

^M'(e,X,)J-> 4l, I,;‘/=^M.(9,A'.)^A^(0,I). (56) 

i=l i=l 
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IIOJIOJKHM r„(||5||) = ^Eri(||5||,Xi), r^e 


r sup ||(M'(t,Xi)-M'(6>,Xi))j-i||, ecjiH [6/- (5, 6> + 5] C 0, 
r,(||5||,X,) := <^t:||t-0||<||5|| 
cx), Huaue. 

(57) 

(A4). HMeex MecTo cooxHoineHue 

lim limsupr„(||5||) = 0. 

||(5||^0 n^oo 

(A5). HMeexcu opeuKa 0* = 0* (Ai,..., A„) xauau, uxo 

IIU''''lll|JJI|e;-e||r„(|| 0 ;-e||) 4 o. 

Hpu BuinojiueHUH ycjioBuu (A) opHomaroByio M-opeuKy 9**^^ pjia napanexpa 
0 onpepejiHM cooxHomeHueM 


( n \ ^ n 

^M'(e;.A',) ^M.(e;,A,), (58) 

7=1 / 7=1 

HMeex Mecxo cjiepyioipee o6o6ipeHHe xeopeMBi [1] 

TeopeMa 8. Uycmh eunoAHenu ycAoeuA (A). Toeda oyema 0**jy[ onpedeAena c 
eepoAmHocmbH), cmpeMH'uyeucH k 1 u 

B cjiyuae MHoroMepuoro napaMexpa auajior cxaxucxuKu flT^ onpepejiHexcu co- 
oxHomeHueM 


e",j = e-„-r-'Y,yi,(e-„xA- (59) 

i=l 

rpe J* — HeKoxopau cxaxucxuKa xauau, uxo A I. HMeex Mecxo 

TeopeMa 9. Uycmt) eunoAuenu ycAoeuA (A) u 

iiiy''''iiiic-«iiiiJ:-uii 4o, (eo) 

Toada oyenna 9**j onpedeAena c eepoAmnocmhio, cmpeMAvyeucH k 1 u 

^A7(0,I). 
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5 ^OKasaTejibCTBa 

5.1. Onpe^ejieHHe opeHKH 6***^ h3 (fTOj) nepennineM b BH^e 


«Zm -«= "P” KW = EM'(i,.Yi). 


2=1 


riojIOJKHM U*^ = 6’^ — 9, 

PrXu) M'JO + u) - M‘^{0), p„{u) Mn(0 + u)- M„{0) - uM^O). 


(61) 

(62) 


B 3TOM cjiynae paBencTBo h3 (IM]) h ycjioBHa h3 (E]) mojkho nepenHcaxB cootbct- 
CTBeHHO B BH^e 


{o** 

\ 


0 ) 


+ pJO/vX: - KPn{K)l^n 

M'r,{0)/Jn + pn{K)lJn 


(63) 


M;(0)/J„4i, M„(0)/v^^AA(O,1). (64) 

IIpeflCTaBjieHHe (16^ HBjiaeTca ochobhbim b ^oKaBaTejiBCTBax xeopeM [H |2] h |3l HaM 
xaKJKe noxpe6yioxc5i cooxHomeHHH 

1 

P„(m) = u j pn{uv)dv, (65) 

0 

n 

E7„((5) = r„(5) npH 7„((5) := | J„|"^ ^ ri((5, Xj). (66) 

2=1 

OxMexHM, Hxo xo>K 7 ;ecxBo (l65l) HeMe 7 ,jieHHo cjie 7 ,yex h 3 (|)opMyjiBi Tefijiopa c ocxa- 
xoHHBiM HjienoM B HHxerpajiBHOH 4)opMe, nocKOJiBKy c ynexoM onpe7;ejieHHH h 3 (|62l) 

1 1 
Mn{9+u) = Mn{9)+u j M'^{9+uv)dv9siuM'^{9) = Mn{9)+uM'^{9)+u J pn{uv)dv. 

0 0 

npHBe7;eM hbckojibko BcnoMoraxejiBHBix yxBep>K7,eHHH, KoxopBie nyxcHBi 7 ,jih 
opeHKH norpeniHocxen npn BBiB 07 ,e xeopeM BE 

JleMMa 1. 0 Uycmb a„(-) : [0, cxo) —)■ [0, cxd) - MOHomomo Heydueawipuu cAyuau- 
Huu npoyecc, (dn{-) = Ea„(-) u (5n{Pn) ^ 0 dAA HeKomopou CAynauHou eeAuuuHu 
Vn > 0. Toeda an{pn) ^ 0. 

^ 3 Ta jieMMa ^^OKaaana b m- 3 ;i,ecij Mbi npHBO^HM HHoe 6 ojiee KopoTKoe ^OKaaaTejiBCTBO SToro 
yTBepjK^eHHH no cpaBnennio c opHrHnajibHbiM. 
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^OKaaaTejibCTBo. HycTt <5 — npoHSBOJitHoe nojiojKHxejiBHoe hhcjio. 06 o- 
SHaHHM cs = inf{t : / 3 n{t) > 5 }. PaccyjK^aji ox npoxHBHoro, nexpy^HO bh^bxb, hxo 
Pnit) —)■ 0 npH t —)■ 0, a noxoMy C 5 —)■ 0 npn 5 — )■ 0. /I,ajiee, Hcnojitaya HepaBencxBo 
P{r]n > Cs) < P(/3n('>]n) > <^), jhoGoxo e > 0 nojiynaeM openKy 

P(an(r/n) > £) < P(o!n(cs) > s) + P(r]n > Cs) < fin{cs) j E + P(/3n(??n) > ^)- 


3 x 0 cooxHomeHHe poKasBiBaex yxBepjKpenne jibmmbi, nocKOJiBKy pjiH jiioGoro £ > 0 
BBiGopOM (5 > 0 MOJKHO XapaHXHpOBaXB CKOJIB yropHyiO MajIOCXB f 3 n{cs)/£- □ 

JleMMa 2. Ecau eunoAuenu ycAoeuH {A), mo 

Pn«)/^n4o, <p„«)/^4o u p„«)/y4 4o, (67) 


a oycHKa onpedcAena c eepoAmHocrnhw, cmpcMAipeucA k 1. 

^OKaaaxejiBcxBo jieMMBi |2l B ycjioBHax jieMMbi cnpaBepjiHBBi cxophmocxh 

r„(K|)Ao H |J„|K|r„(K|)/A/4 A 0. (68) 


^encxBHxejiBHo, Bxopaa cxophmocxb b fl 68 |) coBnapaex c ycjioBHeM (A 5 ). KpoMe xoro, 
c ynexoM 3 XOH cxophmocxh pjiH jiio 6 oro £ > 0 


p(^n(|<|) > ^) = p(^n(|<|) > > 1) + p(^n(|<|) > 

< P(^|Jn||<|r„(K|)/y7n > e) +P(^r„(|<|) > £, K 


I 'Al I 

^m) 


ul\ < Ij < 

^ 0. (69) 


IIpH BBIBOpe CXOPHMOCXH B fl69]) MBI XaKJKB yHJIH, HXO B CHJiy MOHOXOHHOCXH (JiyHK- 
pHH Tn{-) H yCJIOBHH (A3) H (A4) HaHHHaH C HeKOXOpBIX U B npaBOH HaCXH (l69l) nop 
snaKOM BeponxHocxH — neBosMoxcHoe coGBixne. 

BBHpy ([9]), (|62)) . fl65|) n fl66|) . HMeeM 

\Pn{u)\ ^ \u\\pn{u)\ ^ \Jn\\u\An{\u\) \pn{u)\ ^ | Jn | |m |7n( |m |) 

W“ 7 ^- ’ AT- EE ’ 


npn 3XOM (|)yHKpHH a„(|M|) = An{\u\) HQ!„(|m|) = \Jn\\u\'yn{\u\) / \/h YAOBJieTBOpSIOT 

ycjiOBHHM jieMMBilll A noxoMy cxopnMocxn (1671) cjiepyiox h 3 jieMMBiUJnpn = |m* |, 
ecjiH eme ynecxB paBencxBo b (|66l) . 

^OKanceM nocjiepnee yxBepjKpenne jieMMBi. IIocKOJiBKy c BeponxnocxBio, cxpe- 
MnmeHcn k 1, Bejinnnna t„(|6** — 9\) Konenna b cnjiy (168|) . xo P{9'^ G 0) ^ 1. 
CjiepoBaxejiBHo, corjiacno ycjioBHio (A2), c BeponxnocxBio, cxpeMnmencn k 1 onpe- 
pejieHBi BejinnHHBi Mn{9^ n M'^{9^. A nocKOJiBKy eme M^{9^) = M)((6 ()+p„(m*), xo 
H 3 yCJIOBHH (A3) H cxopHMocxefl B (1M1) . (1671) BBRjiionaeM, nxo p(m;(«;) = 0 ) ^ 0 . 
TaKHM o6pa30M, c ynexoM onpepejiennn (1T0|) . cxaxncxHKa 0**^ onpepenena c Bepo- 
nxHocxBio, cxpeMHmencn k 1. □ 
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^OKaaaTejibCTBo TeopeMti [T] IlepBoe yxBepjK^eHHe xeopeMBi ^oKasano 
B jieMMe [2J Ha xojK^ecxBa (1^ h onpe^ejienHa m , HMeeM 

(1 - - Pn{K)/Jn)Mn{9)/+ P„«)/\/in “ U*^pn{u*^ ! 


A, 


n,M — 


I Jri + PniW^) / Jn 


(70) 


CxOflHMOCXB CD cjie^yex xenepB h 3 xojK^ecxBa dZOD , yCJIOBHH (IMl) H JieMMBI m □ 
JleMMa 3. Uycmt) eunoAuenu ycAoeuA (H) u ffT^ . Tozda 

n 

Sn,M-={Mn,2{e:*M)-Mn,2{e))/^/h^0 UpU ^(t) = ^ (t, X,) (71) 

i=l 

u cmamucmuKa < 7 * ^ onpedeAena c eepoAmHocmhU), cmpeMA'ipeilcA k 1 . 

/loKaaaxejiBcxBo. Hojiojkhm m** := ~ Hmciox mbcxo cjie^yiomHe 

cooxHomeHHa: 


JnU*:i V 


0,(1). 7,(K'I)Ao, J][M'(9,X.)lVy 4 o. (72) 


2=1 


HepBoe H3 3XHX cooxHomeHHH cjie^yex h3 cxo^hmocxh 7V(0,1), ^OKaaaH- 

Hoii B xeopeMedl Bxopoe - h3 jieMMBi [T] npn = 1^**1 h «„(•) = 7n(-)) ecjiH xojibko 
eipe ynecxB paBencxBo b (l66l) h xox cJiaKx, hxo t„(|m**|) A 0 b cHjiy nepBoro coox¬ 
HomeHHH B dza), CX 07 ,HM 0 CXH \Jn\l\/Tn —)■ C)0 H3 (Hs) H CoGcXBeHHO yCJIOBHH ( 244 ). 
Tpexte cooxHomeHHe b fl72l) coBna7,aex c nepBBiM ycjioBHeM b ffT^ . 

SaMexHM xenepb, hxo b cHjiy onpe7;ejieHHH fl66|) . (ITT]) h ycjioBHH (242), cnpaBe^,- 
JIHBBI COOXHOmeHHH 


n** 

^n,M 

n ^ y 2 71 n 

/AIAmI < (5^(M,(0:>,X,)-M,(0,X,))') =(E( / M'{t,Xi)dt 

i=l 1=1 “ 

n** n** 

^n,M n,M 

TL n 2 1/2 ^ P 

'^(E( / {Ml(t,Xt)-M’(e,X,))dpJ +'/2{^{ / M’(B,Xt)dt 

i=l i i=l { 


2 \ 1/2 


\/2|<-|( V ( sup |M'(4,X,) - M'(9,A2)|)Y''" + y2|<'|( V|M'(9,X,)lO 


2 \ 1/2 


1/2 


2=1 


XJ„||C|7„(I<1) + y2|<-|(53[A7'(»,X.)] 


< 

< 

< 

1/2 


2=1 


Cjie^oBaTejibHo, Hcnojibayn (|72]) . nojiynaeM 

I I /I I \ rz J n 


\S„,m\ < y 2 y^|<-| 7 „(l<'l) + V2l^\uZ\[Y}M[(e,Xi)flJ', 

V V^n ^ 




31 





H nepBoe yxBepjK^eHHe jieMMBi ^oKasano. 

Ho xeopeMe [T] cxaxncxHKa 6***^ aBjiaexcji acHMnxoxHnecKH nopMajiBHofi, no3xo- 
My p(Cm G 0) —)■ 1. A nocKOJiBKy eipe P(6** G 0) —)■ 1 (cm. ^oKaaaxejiBcxBo 
jieMMBi[2]), xo c BepoHXHocxBK), cxpeMaipeflcH k 1 onpe^ejicHBi bcjihhhhbi M^{6^) 

H Mn,2{0n^M)- KpOMC XOXO, (6'**^)/\/^ = ^n,M + (6')/\/4, XO H3 BXOpOXO 

yCJIOBHa B (flsj) H CXO^HMOCXH fl7T]) SaKJIIOHaeM, HXO P(M„^2(6*nV) = o) —)■ 0. TaKHM 
oGpasoM, c ynexoM onpe^ejicHna (fl^ . cxaxncxHKa d* ^ onpe^ejicna c Bepoaxno- 
CXBIO, CXpCMHipeHCH K 1. □ 

^OKaaaxejiBcxBo xeopcMBi [2l Hcnojibsya xojK^ecxBa b fl6T]) h fl63|) , a 
xaKJKe o6o3HaHeHHH h3 m, nojiynaeM cjie^yiomee npe^cxaBjicHne: 


rl* ( 


^) = 


MnjO) / \//n + Pn('^n)/V^ ’^nPnju^ / y/T^ 

Mn,2{d)/ y/%1 + Sn,M 


(73) 


Ho M^2(^)/-^n ^ 1 B CHJiy Bxoporo yCJIOBHa B (fT^ . yXBCpJK^eHHH XeOpCMBI BBIXe- 
Kaiox xenepB h3 jicmm mm cxo;];HMocxeH h3 (IM|) h xojK^ecxBa dZS]). □ 

JleMMa 4. Uycmt} eunoAuenu ycAoeuA meopeMum Tozda 


^n,p ■ 


KpaK 


PniO 


Jn 


«) 


EEAf''(«,A'.) 

2i=l 


Vh Vh vt: ‘2Jn 

/I,OKa3aTejii>CTBo jieMMti 01 nojio::^HM 


J n 




<)^o,(l). (74) 


. /(M'(0 + w,X,)-M'(0,X,))/w-M"(0,X,), 

Pi[u,Xi) ■= i'' 

0 , « = 0 , 


Pn{^)-=^ sup \pi{u,Xi)\/\Jn 

u:\u\<5,9-\-u£0 


Hpexc^e Bcero noKaxccM, uxo 




(75) 

(76) 

(77) 


/leiicTBHTejibHO, nocKOjibKy im { u , Xi) — / All'{0 + uv, Xi)dv — A;), to 


n 


Pni^)<2_^ sup \M''{t,Xi 

i=l t&^'-\t—9\<S 


M''ie,x,)\/\j^ 


Cjie^oBaxejiBHo, npu Bcex uecjiyuauHBix e > 0, a > 0 n ucKoxopoM 6 = 6{a) > 0, 
HMeeM 


P(JI„«) >e)< p(|«;i >S) + P{-p„(S) > e), 
limsup P(7I„(-u*) > e) < limsup P(7I„((5) > e) = P{S) < a. (78) 

n^oo n—^oo 
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IlpH BbiBo^e fl78p . ^oKaaBiBaiomeM fl77p . mbi ynjin, hto -P(^) —)■ 0 npn 5 —)■ 0 bbh- 

fly (A)- 

SaBepniHM ^oKaaaTejiBCTBo jieMMBi. CpaBHHBaH onpe^ejieHHa fl6^ , flTsp h onpe- 

^ejieHHe M”{9) h3 (v 46), HMeeM 

n n 

Pn{vK)/J„ - vK EM;'(9. Xi)/Jn = VuiMliB) + t,< Y. Xi)IJn- 

i=l i=l 

Hs 3Toro paBencTBa h dTUp . c ynexoM ycjioBHa (Ag) h cxo^hmocth (ITTp . nojiynaeM 

n 

sup |p„(uO/J„ - u<y'EM"(6',Xi)/J„| < 

^6[0,l] 

|<|(K( 0 )|+ 7 IJ<)) = |<|o,(l). ( 79 ) 

HcnojiBsyu xenepu onpe^ejieHue (FMl) u npe^cxaBjieHue (l65p . uMeeM 




vx: 


Jn . y 


n * 


Pn(M;) 

Jn. 




i=l 

‘ 7 


VTn ^ Jo ^ 

Cjie^oBaxejiBHo, c yuexoM fl79l) . 


EEM"(0,Xi 

Pn(wM„) *i=l , , 

— vu„ --- dv 


Jn. 


Jn 


Sn,p < 2-^KI sup 

V-'n De[ 0 ,l] 


Pn{vK)/J„ - vK Y -’f-)/"'" = 


2 = 1 


Jn 


H yxBepjK^euue jicmmui 0] ycxauoBjieuo. □ 

^OKaaaxejiBcxBo xeopeMBi [ 3 l Ha xojK^ecxua (ITOP , jieMMBi | 2 ] u ycjioBuu 
(l6ip . HMeeM 


A 


n,M 


Op(l) + ’^nPnjUn) / VXi Pni'^n) / VXi 

1 + Op(l) 


(80) 


CooxHomeHHe mg cjie^yex xenepu h 3 fl80l) h jieMMBi 01 Bxopoe yxBepjK^enne xeo¬ 
peMBi OUeBH^HO. □ 


JleMMa 5. Uycmt) eunoAHenu ycAoeuA {A), flT^ u (|2ni) . Toeda cmamucmuKa j 
onpedeAena c eepoAmHocm'bm, cmpeMAvneucH k 1 u 

dn,J := {Mn,2{ei*j) - MnAO))/^ A 0. (81) 


^OKaaaxejiBcxBo axoro yxBepjK^eHHu c oueBH^^HBiMH HaMeHeHHUMH 
noBxopuex bbibo^ jieMMBi 01 
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^OKaaaTejibCTBo TeopeMtiSJ Ha onpe^ejieHHH fll9p . fl62p h o6o3HaHeHH5i, 
BBe^eHHoro b xeopeMe, nojiynaeM cjie^yiomee tojk^bctbo: 


Jn 

Wn 


k:j - 0) 


-M^(g)/x/4 - pJO/x/In + <(j: 

Jn/ Jn 


Jn)/VTn - JnUlM'Se)/Vh 


(82) 


CxOflHMOCTB (EU cjie^yeT xenepB na xojK^ecxBa (I82p . jieMMBi [2] h ycjioBna (120 p . 
^OKaaaxejiBcxBo xoro, hxo 9"^j onpeflejiena c BepoaxHocxBio, cxpeMaipeficH k 1, c 
OHeBH;];HBiMH HaMeHeHH3MH noBxopaex anajiorHHHBie paccyjK^eHHa o6 openKe 
Ha jieMMBi [21 

^ajiee, na paBencxBa (l82p h onpepejieHHH (l22p . (ITTp h fiSip . HMeeM 


diM:j 


0 ) 


-M„(0)//r2 - p^{ui)/^n + <( j: 


Jn)lVTn-JnUlM'^{9)/^n 


Mn,2{9)/\/T^ + 


(83) 


^OKaaaxejiBcxBo Bxopofi nacxH xeopeMBi c oneBHpHBiMH HaMeHeHHHMH noBxopHex 
BBiBop xeopeMBi 121 ecjiH BMecxo paBeHcxBa (I73P BocnojiBaoBaxBCH cooxHomeHHeM 
(l83p H ynecxB yxBepjKpeHHe jieMMBi [5l □ 

/loKaaaxejiBcxBo yxBepjKpenHH na aaMenaHHa |3l HycxB BBinojinenBi 
orpaHHHeHHH na flT^ . B axoM cjiynae pjiH Bcex pocxaxoHHo Oojibihhx n 

'^\<\Tn(K\) < -!^|<|‘+“Op(l) = 

V V 

((k»l/y4)‘''“*°’l<l)‘^%(l) = (Op(l))‘%p(l) 4 0. (84) 

Ecjih jKe BBinojiHeHBi ycjioBHH Ha (ITBp . xo nyjKHo b axHx paccyxcpeHHHx noMeHHXB 
MeCXaMH CHMBOJIBI Op{l) R Op{l). □ 

/loKaaaxejiBcxBo yxBepxcpeHHH na aaMenaHHH [5l HycxB BBinojiHeHBi orpa- 
HHHeHHH Ha flT^ H fl23p . B 3XOM cjiynae HMeex Mecxo flH^ . x.e. cnpaBepjiHBo (H 5 ). 
KpOMe xoro, X.K. \Jn\/VTn 00 , xo B CHJiy Bxoporo yCJIOBHH Ha (HSU BBIHOJIHeHO 
M* A 0. CjiepoBaxejiBHo, pjiH Bcex pocxaxoHHo Oojibihhx n 


\Jn{9*)/Jn-l\ = |<|%(1) 4 0 , 

IJ, 




<l|j„(r)/j„-i| = 


IJ, 




^1 * |l+a 


Op(l) = 






x.e. BBinojiHeHBi Bce ycjioBHH b fl20p . 


/ iJ'nl \ “/(!+“) I 

V^/4v' ’ 


<1 ■ mo) 


) Op(l) — (Op(l)) ^ Op(l) 0, 

I 7 I \ 1/(1+q) „ 

j = Op(l) ■ Op(l) -)■ 0, 
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HtoGm H3BJieHb (EUD B cjiynae, Kor^a BBinojinenBi npe^nojiojKeHHH (m H fl24p 
— HyjKHo noBTopHTB npHBe^eHHBie B 3TOM flOKaaaTejiBCTBe paccyjK^eHHH, noMenaB 
MeCXaMH CHMBOJIBI Op(l) H Op(l). □ 

riojIOJKHM 


pf («) := HO) (M,(P + u, X,) - M,(P, X,) - uM[{e, X ,)), 

i=l 


pTH ■■= Y. + “) - + u, X,) - M,(p, X,) - uM[{e, x,)), 

n 

■.= uY{H0 + u) - K{9))H{0,X;). 


2 = 1 


2=1 


JleMMa 6. Ecau eunoAneno ycAoeue {A ), mo 

P^(“n)/'\/^ ^ 0; ^ (K) / 0- 

^OKaaaTejiBCTBo. AnajiorHHHo (j65l) . cnpaBe^jiHBo paBencTBo 

1 

Mi{9 + u,Xi)-Mi{e,Xi)-uM'{9,Xi) =u [ (m'{ 9 + uv, Xi) - M'{9, Xi))dv. 


Cjie^oBaTejiBHo, c ynexoM ycjioBHH [A ), HMeeM 


i^M< 


U 


1+g 


Y.He)\M[ 


2=1 




\pTH\ 


u\^+p+<iY,hiM'- 

2=1 




2=1 


(85) 


npH 9XOM (|)yHKn,HH B npaBOH nacxH cooxHomeHHfi (18^ y^oBjiexBopjiiox ycjiOBHaM 
jieMMBi [T], ecjiH Hx paccMaxpHBaxB b KanecxBe Q!„(|m|). yxBepxyri;eHH5i jieMMBi cjie- 
^yiox xenepB h 3 jieMMBi [T] npn rj^ = |m*| h ycjioBHH (A“). □ 

/I,OKa3axejiBcxBo xeopeMBi [71 06o3HaHHM Hepe3 h 5^ cooxBexcxBenHo 
jieBBie HacxH b ^Byx nocjie^HHx ycjioBHHx b fl50|) . a Hepe3 6^ — jieByio nacxB b 
ycjioBHH fl52l) . Tor^a h 3 onpe^ejieHna (jSTl) openKH h onpe^ejieHHH, BBe^enHBix 
nepe^ jicmmoh El HMeeM 


Jn. 




HH - 9) 




- +Pn«) +P^«))/\/4 

J*JJn 
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r^e Mn{0)/y/T^ = hi{6)Mi{6, Xi)/y/T^ A/'(0,1). IlepBoe yxBepjK^eHHe xeo- 

i=l 

peMBi cjie^yex xenepB h 3 9xoro xojK^ecxBa, ycjioBHH h3 (^“) h jieMMBi [6l Bxopoe 
yxBepjK^eHHe xeopeMBi b cHJiy (^“) BBinojiHeno oneBn^HBiM o6pa30M. □ 

5.2. /],0Ka3axejiBcxB0 xeopeMBi [5l IlycxB Jn < 0 r 6 = Sg xaKOBo, hxo 
BB inojiHeno (126|) h (HT} . HMeeM 


sup V sup M'{e,Xi) 


Jn 


< 


Jm. 


V sup M'(0,Xi) Ve sup M'(0,XO Ve sup M[{d,X,) 

^ t-.\t-e\<5e t-.\t-e\<SB t-.\t-e\<5g 

= Sn ‘ 


Ve sup M'(0,Xi) 

t:\t-e\<&g 


Jn 


Jn 


r^e uepe3 Cn o6o3HaueHa jieBau uacxB b ycjioBuu fl26|) . BBu^y Koxoporo A 1. 
Hpu 3XOM, nocKOJiBKy limsup < 1, xo cyipecxByex e > 0 xaKoe, uxo npu 

n—^oo 

flocxaxouHo Gojibuiux n uMeiox Mecxo opeuKu TniSe) <1 — e r 


-1" Tn{5e) < —1 + (1 — e) — —e < 0. 


Jn 


< 


Jn 


HaKoueu,, c yuexoM Bxopou cxopuMocxu b flM|) u ycjioBUH \/T^/\Jn\ —^ 0, 


HMeeM 


Mnit) 

I '-^n I 



— Op(l) + 


5 ^ j M'^{z)dz 
e 


Jn 


1 


a noxoMy (c yuexoM uxo cJiynKpHU M^{t) oxpejiena ox uyjiH) Mn{0 — dg) > 0 h 
Mn{0 + 5e) < 0. CjiepoBaxejiBHo, c BepoaxHocxBio, cxpeMHipeiicH k 1, cxporo 

MOHoxoHuaH (yGuiBaioipaH) ua HuxepBajie { 6 —S 0 , O+S 0 ) cJiynKpHu Mn{t) MeuHex 3HaK 
ua KOHpax HHxepBajia, xeM caMBiM ua sxom HHxepBajie cyipecxByex epHHcxBeuuBiH 
uyjiB 6n{0) 3XOH (JiyHKpHH. CjiyuaH Jn > 0 paccMaxpHBaexcH anaiiorHUHo. 

_ ren(e) 

H 3 paBeucxBa 0 = Mn{0n{0)) = Mn{0) + / r (jSS]), HMeeM 

Je 


V 


Mn{9) 

^fTn 


M'n{e)IJn + / Pn{v{en{e)-e))dv/jn 


( 86 ) 


Tax KaK limsup Tn{d) —)■ 0 npn 5 — )■ 0 h ycjioBHe fl26|) BBinojiHeno npn Bcex 5 xaKHx, 

n^oo 

pjiH KoxopBix cnpaBepjiHBo cooxHomeHHe (|27|) . xo b cHjiy poKa3aHHoro npn ckojib 
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yroflHo Majit-ix 6 na HHxepBajie {6 — 6,6 + 6) c BepoHTHocTtio, cTpeMHipeilca k 1 

cymecTByex e^HHcxBeHHBifi jioKajiBHBifi nyjiB 6n{6), xeM caMBiM 6n{6) A 0 h, k&k 

1 

Hexpy^Ho BH^exB, 


r, 


i{\6n{6) —6*1) A 0. A nocKOJiBKy eipe / Pn{v{6n{6) — 9))dv 


< 


0 


1 

I ArSn(|A(6') - 6*1) H E7„(5) = r„((5), XO J pn{v{6n{6) - e))dv/\Jn\ A 0 B CHJiy 

0 

jieMMBi [H 3xa cxo7;hmocxb BMecxe c npe7;cxaBjieHHeM fl86p h cooxHomeHHHMH fl64p 
7;oKa3BiBaiox (|28P . □ 

^OKaaaxejiBcxBo xeopeMBi [6l B cHJiy nsBecxHOH openKH norpemnocxH 
npHGjiHxceHHH HHxerpajia PnMaHa HHxerpajiBHBiMH cyMMaMH, HMeeM 


n 

^ ^n:i) 

i=l 


d d 

j f{e,z)dz = 6n- j f{9,z)dz, 

C -2n,:n 


n 

lAI < Cjie7,OBaxejiBHo, c ynexoM (I47p . BbinojiHeno 

i=l 


n n 

AZn^f{9, Zn:i)-T{9)^ ^ al/P ( AZnif{9, Zn;,)- 

i=l i=l 

B CHJiy Hce cxo7;hmocxh fl46P h HepaBCHcxBa HeGbimeBa co BxopBiM momchxom, cnpa- 

Be7,JIHBO COOXHOmCHHe an X] A 0. /I,JI5I 7,OKa3axejIBCXBa a„-COCXOHXejIBHOCXH 

i=l 

opcHKH ocxaexcH BocnojiB30BaxBC5i cjie7;yioiLi;eH penoHKofi cooxHomeHHH: 


j f{0,z)dz^ 0. (87) 


n 

\9: -9\ = |t-' ( AzniXni) - T-^T{9) 

i=l 

n n n 

k\ Y, AZmXm - T{9) "" <k\Y Znn) - T{9) \ k\Y 


< 


2=1 


2=1 


2 = 1 


^OKajKeM Bxopoe yxBep>K7;eHHe xeopcMBi. B cHjiy cxo7;hmocxh (i„ —)■ 0 h nepaBen- 

n 

cxBa HeGbimeBa co BxopBiM momchxom, cnpaBe7;jiHBo cooxHomcHHe ^ AzniSni A 0. 

2=1 

Cjie7,OBaxejiBHo, c ynexoM npe7,cxaBjieHHH (l87p h ycjioBHH BxopoH nacxH xeopcMBi 

n n n 

Y ^ZniXni = Y ^Znif{9, Zn:i) + Y ^^ni£ni ^T{9). ( 88 ) 

2=1 2 = 1 2 = 1 
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^ajiee, b cHJiy cJiopMyjibi KoneHHBix npnpameHHH cnpaBe^jiHBo tojk^bctbo 

n 

91-0 = T-^(^Y. ^^n^Xn^) - T-1 (T(0)) = 

i=l 

n n 

[T-\f)] ' ( AZmfie, Zn:i) - T{9) + , (89) 

i=l i=l 


r^e T jiejKHT Meac^y Yh AzniXni h T( 6 *), a noxoMy T A- T(9), ecjiH eipe ynecTB dSS]) . 

i=l 

Cjie^oBaxejiBHo, [T~^{T)Y = [T'(T“^(T))] ^ A [T'( 6 ')] Bxopoe yxBepjK^eHHe 
xeopeMBi Hexpy^Ho HSBjienB xenepB h 3 npe^cxaBjieHHa (l 8 ^ . □ 

5.3. B 3TOM paa^ejie ^oKajKeM yxBepjK^eHHH § 4. 

riojIOJKHM U* = 0* — 0, 

n 

R„(u) - ^ (M'(e + u,.Y.) - M'(e, 

i=l 

n 

p„(u) := (M'(e + u,Ai) - M'( 0 , A,))u, ( 90 ) 

i=l 

n 

p„(u) := (M,(0 + u, X,) - M,(0, X,) - M'(0 + u, X,)u). 

i=l 

AnajicroM jieMMBi [2] aBjiHexcH cjie^yiomee yxBepjK^eHHe. 

JleMMa 7. Uycmt) eunojinenu ycAoeusi (A). Toeda 


Rn(u* 


4o, 




4o, 


P„«) ^ 0 


u cmamucmuKa 0**^ onpedenena c eeposurnHocmhio, cmpeMHm,eucH k 1. 

^OKaaaxejiBCTBo. SaMexHM npeac^e Bcero, hto b cHJiy (^42) 

1 

M,(0 + u,Xi)-M,(0,X,)-M'(0,X,)u= [ (M'(0 + ^u)-M'(0,X,))dt;u. (91) 


KpoMe Toro, npn BBinojineHHH ycjiOBHH (A) cnpaBe^JiHBBi cxo^hmocth 


rndKII) AO 


H 


iiy'"iiiiJ«iiii<r«(iiu;ii)^o. 


(92) 


^eflcTBHxejiBHo, BTopaa cxo^hmoctb b fl92|) coBna^aex c ycjioBHeM (A 5 ). KpoMe xoro, 
c ynexoM 3TOH cxo^HMocTH jiio6oro e > 0 


^nU|U„| 


> £ = P Tndlu: 




> 


lli;‘'"IIIIJ»||||<||>i) + 


PlTodKII) >T, III; 


''"iii|j«iiiiu;ii < 11 < 


< P(l|I„'''^lll|Jn||IKIkn(||<||) >£) +p(t„(||<||) >£, IKII < .4|||, 11 ) (®3) 

-l-n Jr), 
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IIpH BMBO^e CXO^HMOCTH B (1^^ HCn0JIB30BaH0, HTO B CHJiy MOHOTOHHOCTH (JiyHKpHH 
Tn{-) H yCJIOBHH (Aa) H ( 744 ) HaHHHaH C HeKOTOpBIX U B npaBOH HaCTH (jMl) nofl 
3HaKOM Bep03TH0CTH — HeB03M0>KH0e CoGBITHe. 

^ajiee, b cHJiy (l57|) . (190|) h dHI]), HMeeM 

n n 

||Rn(u)|| < ^ri(||u||,Xi), ||p„(u)|| < ||I-^/2||J^||||^|| 

i=l i=l 

n 

||pn(u)|| < ||I-^/^||Jn||||u|| ^ri(||u||,Xi). (94) 

i=l 

npH 3TOM (JiyHKpHH B npaBBIX HaCTHX COOTHOmeHHH fl94p yflOBJieTBOpaiOT yCJIOBH3M 
jieMMBilH ecjiH Hx paccMaxpHBaxB b KanecxBe (|)yHKii,HH Q!„(||u||). TaKHM o6pa30M, 
Bce yxBepjK^eHHH jieMMBi cjie^yiox h3 jibmmbi [T] npn r]n, = ||u*||, ecjin eipe ynecxB 

n 

paBencxBo X] IET-i(||u||, =r„(||u||). 

i=l 

Tox 4)aKx, Hxo cxaxHcxHKa onpe^ejieHa c BepoaxHocxBio, cxpeMaipeficH k 1, 
flOKa3BiBaexc5i anajiorHHHo o^HOMepnoMy cjiynaio. □ 

^OKa3axejiBcxBo xeopeMBi |8l H3 onpe^ejieHna fl58|) , HMeeM 

n 

J2 M'(e;. A'i)(0”M - 9) = E -«) - E Ai). 

2=1 2=1 2=1 

Cjie^oBaxejiBHo, c ynexoM o6o3HaHeHHH fl90|) . 

- 9) = + R„)i‘'" + i)'‘(p„«) - p„«) - p„), 

( 95 ) 


F^e B CHJiy ycjioBHH fl5^ 

;= M,(P, X,) J-i - I 4 0 , := M,(0, X,) ^ AA( 0 , 1 ). ( 96 ) 

2=1 2=1 

H 3 (l96l) . nepBoro yxBepxc^eHHH jibmmbiITIh ycjiOBHH (^ 3 ) nojiynaeM, hxo 

||i;‘'=(R„(u;) + R„)iy=|l < (||R„(u;)|| + ||R„||)sup||iy/"||||iy=|| Ao, 

n 

XeM CaMBIM In^^^(Rn(u*) + Rn)!^^ 4 0. CxO^HMOCXB \n^^^^ ■^/'(O, I) 
cjie^yex xenepB h 3 npe^cxaBjieHHH fl9^ , ^Byx nocjie^HHx yxBepjK^eHHH jibmmbi [7] h 

BXOpOH CXOflHMOCXH B fl96p . □ 

/I,oKa3axejiBcxBo xeopeMBi [HI C ynexoM ycjioBHH fl60D , HMeeM 

p„i ■= - J»)< ^ 0, 

n 

p„2 := ij‘'"(EM;(e. A) - J„)u; A 0. (97) 

2=1 

R... := iy/"(j;jj‘-i)i;''"Ao. 
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nepBbie ^Ba cooTHomeHHH BBinojinenBi oneBn^HBiM o6pa30M, a xpeTBa cxo^hmoctb 
B dSZD cjie^yeT h 3 openKH 


n 

HcnojiB3y5i xenepB onpe^ejieHHe fl59p h o6o3HaHeHH5i fl9Up h fl97p . nojiynaeM xojK^e- 

CXBO 


- 0) = (R..i + - Pn2 - P„K) - P„). 

ycxanoBjieHHa cxo;];hmocxh j — 0) ^ A/'(0,1) ocxaexcH xenepB boc- 

nojiB30BaxBC3 jieMMOH [7] H ynecxB (l97p h (l96P . □ 
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